Topics in Algebra - Singularities in Positive Characteristic
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Problem Sets

Problem Set 1

Throughout, R is a fixed noetherian ring of characteristic p > 0.

1. Prove the Frobenius is injective if and only if R is reduced.

2. Prove when the Frobenius map is flat, for ideals a and b, one has

(a: b)) = (a[q] : b[ql).

3. Prove for a multiplicatively closed set W, W1F¢R = F¢(W~IR).

4. Prove the Frobenius map induces the identity map on Spec R.

5. For any ideal a, prove the powers {a"}, and the Frobenius powers {al’"]}, are cofinal.

6. Prove that F,— is an exact functor on R-mod.

7. If R — S — T are maps of rings for which T is a flat R-module, and 7T is a faithfully flat S-module,
prove S is a flat R-module.

8. Prove a finitely generated flat module over a local ring is free. (Hint: Note that flat modules are
projective, and use Nakayama’s Lemma.)

9. Prove any F-finite local ring (R, m, k) with perfect residue field has F, R minimally generated by
dimy (R/m[p]) generators. What changes if k is not perfect?

Problem Set 2

Throughout, R is a fixed noetherian ring of characteristic p > 0.

1. Prove an F-split ring is reduced.

2. Prove any localization of an F-split ring remains F-split.

3. Decide in which characteristics f = 23 + y* + 2% C Fp[x,y, z]m defines an F-split hypersurface
where m = (z,y, 2).

4. Show the ideal I of 2-minors of a 2 X 3-matrix is F-split.




5. Fix a ring R and ¢ € Homg(F¢R, R). Show when a and b are p-compatible, a+b, anb, v/a, and
(c:a) for any ideal ¢ remain p-compatible.

6. Prove when R is F-split and p is a minimal prime, R/p is also F-split.

7. For p prime in a regular ring R, prove p/P"! is p-primary.

8. When R is regular and [ is a radical ideal, prove Ass (R/I) = Ass (R/I[q]) for any q = p°.

Problem Set 3

Throughout, R is a fixed noetherian ring of characteristic p > 0.

1. Prove the functor T'y, is left exact.

2. Fix an extension of rings R — S, not necessarily flat. Given a complex M*®, determine a natural
map h"(M®) ®r S — h"(M*® ®g S) and prove it is S-linear.

3. Prove any permutation of a regular sequence on a finitely generated R-module remains a regular
sequence when R is local.

4. Fix alocal ring (R, m). A regular sequence of length 1 is called a regular element, i.e., a non-zero

divisor non-unit . Prove that being Cohen-Macaulay ‘deforms,’ i.e., if R/w is Cohen-Macaulay, then
R is Cohen-Macaulay.

5. For a ring R and a = (fi, ..., fs), verify a class {faga] =01in HZ(R) if and only if there is a
1%

o fs
non-negative integer k so that g(f1--- f,)¥ € (f1a+k., fs‘”k).

>~

6. Prove that in a local ring (R,m), one has isomorphisms as F,R-modules H}(R) ®r F.R
Hi(F.R) = F,H! (R). (Hint: Consider the Cech complex.) More generally, prove when (R, m) —

(S,n) is a finite local extension, that is, mS = n, and S is a finitely generated R-module, H(R)®g S =
H, (S).

7. Verify for a ring R, any R{F}-module W, and y € W, the submodule spang{p(y), p*(y), ...} is
F-stable.

8. Prove if W and W’ are R{F}-modules, if W is an R{F}-submodule of W’ and W' is anti-nilpotent,
then W is also. Furthermore, if W — W’ is surjective and W is anti-nilpotent, then W' is too. Use
this to show in a short exact sequence of R{F'}-modules, if any two are anti-nilpotent, then the third
one is too.




9. Suppose (R, mpg) is a regular local ring with any characteristic, and R C S is a local extension;
ie, (S,mg) is local and mgrS = mg. Prove when S is a finitely generated R-module, then S is
Cohen-Macaulay if and only if it is free as an R-module. (Hint: First note that depth S is the same
if we think of it as an R-module or as an S-module. Recall the Auslander-Buchsbaum theorem.)

10. Call an R{F}-module (M, p) nilpotent provided for each m € M, there is e so that p®(m) = 0.
Prove in a short exact sequence 0 - M — N — P — 0 of R{F}-modules, N is nilpotent if and only
if M and P are.

Problem Set 4

Throughout, R is a fixed noetherian ring of characteristic p > 0.

1. Prove any F-injective ring is reduced.

2. For a surjective element x, for each ¢ > 0 and j > ¢, the maps H, (R/(L’ZR> — HE (R/ij> are
injective.

3. Prove that a regular element x is a surjective element if and only if the multiplication map
Hi(R) % HY(R) is surjective for all i.

4. Recall for an R{F'}-module (M, p), set 04, = {m € M | there exists e such that p¢(m) = 0}.
Prove for a short exact sequence 0 - A — B — C — 0, 0%, = B if and only if 0, = A and 07, = C..

5. Suppose L — M — N is an exact sequence of R{F}-modules. If L is anti-nilpotent and py is
injective, prove that p,s is injective.

6. Prove a gluing theorem for anti-nilpotent.

Problem Set 5

Throughout, R is a fixed noetherian ring of characteristic p > 0.

1. For (R,m, k) an Artin local ring and E = Eg(k), for any finitely generated R-module M, prove
the natural map M — Hompg(Hompg(M, E), E) is an isomorphism.

2. For (R,m, k) a complete local ring, prove, for an R-module M, the map R — M splits if and only
if F2YFE®r R— FE®pr M is injective.

3. Prove when S — R is a map of rings for which R is a finite S-module and wg is a dualizing
complex for S, that RHomg(R,wg) is a dualizing complex for R.




4. Prove when S — R is a split map of rings, if R has FFRT, then so does S.

5. If Risaring with0 - S - R — R/a — 0 a short exact sequence, provided both S and R/a have
FFRT, must R also have FFRT?




Semester 1

Some course notes are available at
1. Utah, K. Schwede (2010, 2017),
2. Michgan, K. Smith (2018), and
3. papers in the literature.

1.1 Overview

Fix a space X and a point zp € X. We have an associated local ring Ox ,, = (R, m, k) where k = R/m. We
always assume k C R. Rings are commutative and unital unless otherwise mentioned.

Definition 1.1.1 (sheaf). A sheaf F is a contravariant functor F : Open(X)°? — C satisfying the gluing
condition; i.e., given a open cover U = |JU;,

FU) = [[Fw) =] FUiny)

,J
is an equalizer.

Definition 1.1.2 (spectrum). Given a ring R, the (prime) spectrum of R, denoted X = Spec R, is the
set {p | p C R is a prime ideal} endowed with the Zariski topology and structure sheaf Ox, making (X, Ox)
a locally ringed space. The Zariski topology has closed sets V(a) = {p € SpecR | a C p}. The Zariski
topology has a basis of standard open sets, denoted B = {Dy}, where Dy = {p € SpecR | f € R, f & p}.
The structure sheaf Ox is the unique sheaf of rings for which Ox (X) = R and Ox (Dy) = Ry for all standard
opens Dy. The stalk of the structure sheaf at a point g € X is the local ring Ox ,, = hgl Ox(U).

zeU

Definition 1.1.3 (scheme). A locally ringed space which is isomorphic to Spec R for some R is called an
affine scheme. A scheme is a locally ringed space which admits a covering by open sets U; such that each
U; is an affine scheme.

Definition 1.1.4 (Krull dimension). We define the Krull dimension of a ring R to be

=

dimR=sup{po Cp1 S -+ Cpn|p; C R isa prime ideal}.
n

Definition 1.1.5 (regular ring). A local ring (R, m, k) is regular if R is noetherian, m = (f1, ..., f,,) where
n is minimal, and dim R = n. A ring R is regular if (Rp, P, Rp/p) is regular for every prime ideal p C R.

Definition 1.1.6 (nonsingular point). A point xg € X is a nonsingular point (or a manifold point) if
and only if Ox 4, is regular.

Example 1.1.7. Let X = Specc[x7y]/(y2 gy M= (z,9).

Ox 2 = Cla, y]m/(yz ~2) is a regular ring, so z¢ is a regular point.

Example 1.1.8. Let X = Specc[x’y]/(y2 — g3y M= (z,y).



Clx, y]

Ox = m/(yg — %) is not a regular ring, so x¢ is not a regular point.

Remark 1.1.9. The study of singularities over C has many tools:
1. small open balls (i.e., local methods),
2. GAGA theorems, allowing us to use analytic approaches (i.e., integration),
3. resolution of singularities and the Minimal Model Program,
4. etc.
None of this is available if we replace C by F,,. We do, however, gain a new tool:

Definition 1.1.10 (Frobenius). Let (R, m) be a local ring, with p = 0. The p-power map F : R — R,
f — fP,is a ring homomorphism; i.e., (f + g)? = fP 4+ gP. F is called the Frobenius.

Definition 1.1.11 (F.R). Set, for a characteristic p > 0 ring R, a new module
F.R={F.,r|r e R}
and identify F,R = R as a group. That is, F.r + Fi.s = F.(r + s). Let the R-module structure be given by
sF.r = Fi(sPr).

Remark 1.1.12. F, M makes sense for any R-module M. The natural map R — F.R sending 1 — F,1 is
identified with the Frobenius; i.e., R — F,R sends r — rF,1 = F.(rP).

Remark 1.1.13. For R = F,(z1,...), Fi R is not a finitely generated R-module. (Though R is; it is a field,
hence a 1-dimensional vector space over itself.)

We're most interested in the situation where F, R is a finitely generated R-module.

Definition 1.1.14 (F-finite). We call such rings (that is, rings where Fi R is a finitely generated R-module)
F-finite.

Remark 1.1.15. Being F-finite is a robust notion; F-finite rings are closed under localization, taking
polynomial algebras, completion, etc.

Definition 1.1.16 (perfect field). A field k of characteristic p is perfect if every element of k is a p-th
power; i.e., k = kP.

Remark 1.1.17. Perfect fields k = kP are always F-finite.

Remark 1.1.18. A general perspective to have in mind is R = kg, ..., x"]/a (of finite type), or a localization
of a finite type ring (essentially of finite type), where k is perfect of characteristic p > 0. All such rings are
F-finite.

We can also construct new ideals using the Frobenius.

Definition 1.1.19 (Frobenius power). Let R be a ring and a C R, a = (f1, ..., fm), be an ideal. We have
aF,R = F.al),

where al?! = (17, ..., fm?). We call al”! the Frobenius power of a.

Remark 1.1.20. Note al?! C a”, but is often much smaller.



Example 1.1.21. Let R = k[z] with k = kP. Then F, R is free of rank p, with basis { .1, F.x, F.2?, ..., F,a?~1}.

Remark 1.1.22. A key feature of the Frobenius F' : R — R is that we can iterate; F¢ : R — R sends
f = fP". We also have FfR = {F¢r | r € R} and sF¢r = F¢ (sP"r). Furthermore, alP”) = (flpe, ...,fmpe)
for a = (f1,..., fm) C R.

Example 1.1.23. Let R = k[z1,...,74]. Then F¢R is free with basis { Fez!' ,...,fogd} with ¢; < p°. So,
rank(F¢R) = p°e.

Theorem 1.1.24 (Kunz). For a local ring R of dimension d, the following are equivalent:
1. R 1s reqular,
2. F is flat, and
3. F.R is free of rank p?.

1.2 Review: Dimension Theory

Fix any ring R.

Definition 1.2.1 (catenary). Call a ring R catenary if for any two prime ideals p and g in Spec R, all
maximal chains p =pg C -+ C pn, = q have the same length.

Definition 1.2.2 (height). For p € Spec R, define the height of p, htp, to be sup{po C --- < p,, = p}. For

a C R any ideal, set hta = mDmhtp
pla

Definition 1.2.3 (Krull dimension 2). The Krull dimension of a ring R is

dimR= sup htm.

m maximal
Remark 1.2.4. For rings essentially of finite type, one has dim R = dim (R/p> + htp for all p € Spec R.
Definition 1.2.5 (radical). For an ideal a C R, the radical of a is the ideal
Va={r e R|r" € a for some n € N}.

Definition 1.2.6 (system of parameters). For a local ring (R, m), we call a sequence x1, ..., x4 a system of
parameters if \/(x1,...,24) = m and d is minimal.

Definition 1.2.7 (regular ring 2). A local ring (R, m) is regular provided m is generated by dim R elements.

Remark 1.2.8. A natural question arises: how can we actually find the minimal number of generators of
m in order to check regularity?

Lemma 1.2.9 (Nakayama’s Lemma). Let (R, m) be local, and let M be a finitely generated R-module. If
M, ap =0, then M = 0.

Remark 1.2.10. This forces of a lift of a generating set for JM/m M to be a generating set for M. Indeed,
suppose (3 generates M/mM' Set N = () where 3 is a lift of 3. Then

m (M) ="

so by Lemma 9| [Nakayama’s Lemma], M/ = 0; i.e., M = N. Apply this to M = R/m We
see that the mlnlmal number of generators of m is equal to dlmk (m/ ) In other words, the embedding
dimension is the dimension of the Zariski cotangent space!

("),



1.3 Kunz’s Theorem
Recall Theorem [1.1.24] [Kunz]. A key tool to prove this is completion of rings.

Definition 1.3.1 (completion). For any local ring (R, m), the (m-adic) completion is
R= Jim Ry o,

n
a new ring whose elements are (r;);en with r; € R/mi and r; = r; mod m7 if j <.
Definition 1.3.2 (complete). There is a natural map R %y R where r — (...,r,7,7). We call R complete
if ¢ is an isomorphism.
Definition 1.3.3 (complete module). One can do a similar construction for an R-module N. Let

N =1im N/ n

n

be the m-adic completion, and call N complete if N — N is an isomorphism.

Example 1.3.4. Let R = k[z](,) with m = (). An element of R is a family of polynomials
(fi+m, fotm? fy+m?, ) = (co,co + 1z, ¢ + 12 + 0227, ..).
One may identify R = k[[z].

Example 1.3.5. Let R = Z,) with p prime; that is, R is the localization at (p), Z [ﬂ Then observe that

R—1lm2 ~ Jim Z —
R—l%l (P)/pnz(p)fgn /pnz—zp

n

which are the p-adic numbers.

Remark 1.3.6. Many properties between R and R are shared. In fact, the natural map R — Ris faithfully
flat.

Theorem 1.3.7 (Cohen Structure Theorem). If (R, m, k) is a noetherian local ring of finite dimension and
k C R, then R = k1, "'7xdﬂ/a, That is, the following are equivalent:

1. R is regular,

2. R is regular, and

3. R k[xy,...,x4].
Definition 1.3.8 (completion of a module). We can also take the completion of an R-module M. That
is, if M is an R-module with (R, m, k) a local ring, then

M =1lm M/

n

Remark 1.3.9. To prove Theorem [1.1.24] [Kunz], it is enough to show 1 holds if and only if 2 does; that
is, we can show R is regular if and only if F' is flat. The freeness of F, R implies and is implied by the other
two. Indeed, see Problem Set 1 #8.

Lemma 1.3.10. For a local ring R, F/’*Y% o F*ITZ

Proof. Note that the powers m” and the Frobenius powers m/P] are cofinal. (See Problem Set 1 #-5.)
‘s olves an is ‘sm R 2 lim & ;
This gives an isomorphism R 2 %n (mn)[p]. Thus

PR =lim P M p = i . (R/(m”)“”o '



As F,.— is exact (Problem Set 1 #86), we have
jm 7, (R/(mn)[p}> ~ F, %nR/(mn)[p] ~ F,R,

as desired. O

Remark 1.3.11. Observe that by Remark and Lemma (1.3.10| the natural map F,R — E.j% =~ F*ﬁ
is faithfully flat. This will help show that 1 implies 2 in Theorem [1.1.24] [Kunz], the easy direction.
Consider the diagram

R—— F, R
R —— F.
where the vertical maps are faithfully flat. As R is regular, by Theorem [Cohen Structure Theo-
1
rem], R 2 k[xy, ..., 24], which is a domain. Hence, we can identify F, R with (R) " the module of p** roots

of R in any fixed algebraic closure of its fraction field. The Frobenius is identified with the natural inclusion

1
R— (ﬁ) !
1\P
fe (7).
So the map R — F,R in the diagram above can be identified with

1 1 1 1 1
klz1,...,zq] Ck [[:cﬁ, ...,xdﬁ]] Ckr [[xlﬁ,...,x,ﬁ]] ,

where the first inclusion is a free extension, hence flat, and the second inclusion is a base change along a
1

finite field extension, hence also flat. Thus, R (ﬁ) "~ [, R is flat.

R ™ RR
faithfully ﬂatT Tfaithfully flat

R —— F.R

Remark 1.3.12. As abstract rings, R = F, R, and when R is a domain, F,R = Rv. Under these isomor-
phisms,

11— F1

R —— F.R
I Il

R« Rv

Proof of Theorem (1.1.24) [Kunz], Part 1. Let R be regular. By Remark [1.3.11} R — F.R is flat. By
Problem Set 1 #7, R — F,R is flat. Hence, F is flat, and 1 implies 2. O
Remark 1.3.13. The converse (2 implies 1) requires more. One can still use the Theorem m [Cohen

Structure Theorem]; a sketch follows. Assume F is flat and R = L xd]]/a. The goal is to show that
a = 0. To do this, it is enough to show that

~

dimy, <R/m[pﬁ]> =

10



where d = dim R. One way to show this is due to Lech. By flatness of F,

() o

and W/ 2 is a free R/m-module. This forces the generators z17°, ..., z4?" of ml?l to be “Lech independent;”
ie., if 3 fix?” =0, then f; € mlPl. Then one can use induction to prove

i (Vo)) = I

for any (ay,...,aq) € N%.

Remark 1.3.14. None of the above can work outside characteristic p > 0. So, another approach uses
derived categories.

1.3.1 Derived Categories

Definition 1.3.15 (derived category). For a ring R, the derived category of R-mod, D(R),
has objects consisting of chain complexes

d d d d
M.I "'—>M3—3>M2—2)M1—1)M0—0>M_1—>"'

with d;d;11 = 0. We call M; the degree i part of M, and supp Me = {i | M; # 0} the support.
The arrows in D(R) are yet to come.

Example 1.3.16. Every R-module M gives a complex denoted [M] which is 0 - M — 0.
Remark 1.3.17. We can shift complexes; (Me[n]); = M tn.

Example 1.3.18. If R is noetherian and M is finitely generated, then there is a free resolution of
M

o=y == Fy—M—=0.

Definition 1.3.19 (acyclic). Call a complex M, € obj(D(R)) acyclic if it is exact. In Example
1.3.18above, Fy — M — 0 is acyclic.

Remark 1.3.20. The derived category offers a way to “replace” [M] with F,. We want [M]“ = 7 F,.
Definition 1.3.21 (homology). Define h,, : D(R) — R-mod to be

_ ker(M,, — M,,_
M, s by (M) = Ker( 1)/im(Mn+1 — M,)

the homology of M,.

Remark 1.3.22. Note M, is acyclic if and only if h,(M,) = 0 for all n. Also, note that
hn(Fa) = ha([M]).

Definition 1.3.23 (quasi-isomorphism). A basic morphism of complexes M, — N, is a family of
maps M; — N; making

My My M 4y — -
N1 N() N,1*>"'

commute. A basic morphism is a quasi-isomorphism if the induced map h, (M,) — h,(N,) is
an isomorphism for all n. We will write M, =, N,.

11



2 Warning! 1.3.24. Not all quasi-isomorphisms are invertible!

Remark 1.3.25. Verdie constructed an augmentation to morphisms of complexes so that one may
formally invert quasi-isomorphisms. (See: localization of categories.) Precisely:

Definition 1.3.26 (derived category 2). The maps in D(R) are (homotopy equivalence classes
of) basic morphisms of chain complexes, with quasi-isomorphisms formally inverted. Explicitly, a
map in D(R), Ms — N,, is a diagram (a roof):

g/ To f
M, T,

with ¢ a quasi-isomorphism and f a basic morphism.
Remark 1.3.27. The derived category makes derived functors easier to work with. Recall:

Definition 1.3.28 (left derived functor). For a functor G : R-mod — R-mod which is right
exact, its left derived functors are

L,G(M) = h,(G(F,))
for any free resolution Fy — M — 0.
Example 1.3.29. Fix N € obj(R-mod). Let Gy(—) = — ®g N, and L,Gx (M) = Tor (M, N).

Remark 1.3.30. Psychologically, replace [M] with Fy and compute h,,(G(F,)). In D(R), there is a
functor LG : D(R) — D(R) with M, + LG(Ms,), and when M, = [M], hy, (LG([M])) = L,G(M).
In fact, LG([M]) =, G(F,) for any Fy — M — 0.

Example 1.3.31. Let G = Gy(—) = — ®@g N. For any R-module M, LG([M]) = M ®% N is a
complex, called the derived tensor product, such that h, (M ®@% N) = Torff(M7 N).

Remark 1.3.32. There is a dual notation for complexes; i.e., we could write
—1 0
M*: N ) -y VUL NG VS RN
with d*1d’ = 0. In fact, each M*® gives a M, by M"™ = M_,,. We set

n . 71{61' Mng)Mn+1
h™(M?*) = ( )/im(M”*1 — M")

For any left exact functor F' : R-mod — R-mod, there is a right derived functor which we denote
RF : D(R) — D(R), computed via injective resolution; i.e., a quasi-isomorphism [M] &, E® with
E* acyclic in degree n > 0 and E™ injective.

Example 1.3.33. We have RHom(—, N) : D(R) — D(R). If M is an R-module, then we have
h™"(RHom(M, N)) = Exti(M, N).

Remark 1.3.34. Derived functors help by carrying a lot of information (every Tor or Ext module)
in a compact way (a single complex).

Proposition 1.3.35 (Derived Hom-Tensor Adjunction). For complezes M*®, N®, and P*®,
R Hom(M*® @% N°*, P*) =, RHom(M*®,RHom(N*, P*)).

2 Warning! 1.3.36. D(R) is not an abelian category, so we do not have exact sequences of objects
in D(R)! Verdie, in his thesis, constructed a structure on D(R) that replaces exact sequences. He
identified exact triangles. This is a diagram:

Cc* - D* et e
where F* 1% C* means a map F'* — C*[+1]. That is, there is a long exact sequence

o5 C" D" 5 FP 5ot

12



Remark 1.3.37. The following are facts about exact triangles:
1. Any morphism C* — D*® can be completed to a triangle. (This uses the mapping cone.)
2. IfC* > D* > F* L Cc*isa triangle, so too are

D* — F* — C*[+1] =5 D*

and
F*[-1] = C* = D* X F*[-1).

3. Given a short exact sequence 0 - M — N — P — 0 of R-modules and F' a left exact functor,
there is an exact triangle RF(M) - RF(N) — RF(P) BEN RF(M).

Theorem 1.3.38 (Auslander-Buchsbaum-Serre). A local ring (R, m) is regular if and only if it has finite
Tor-dimension; i.e., for any two R-modules M and N, M ®% N s acyclic in degree n > dim R; i.e.,
hn(M @% N) = Tor?(M,N) = 0 for n > dim R.

Remark 1.3.39. Finite Tor-dimension does not persist under quotients. That is, if S has finite Tor-
dimension and R = S/a, then R can fail to have finite Tor-dimension. But we will see a class of rings for
which finite Tor-dimension does descend along quotients.

Definition 1.3.40 (perfect ring). A ring R is perfect if the Frobenius is an isomorphism.
Example 1.3.41. F,, is perfect by Fermat’s Little Theorem; a? = a for all a € F,,.
Example 1.3.42. F, x,x%,mv%,... is perfect.
Theorem 1.3.43 (Bhatt-Scholze). For R a perfect ring and S and T perfect R-algebras,
SebkT= SorT.
Corollary 1.3.44. If R — S is a surjection of perfect rings and R has finite Tor-dimension, so too does S.

Proof. Let M and N be S-modules. We will show that M ®% N 22, M ®% N in D(R). By Theorem [1.3.43
[Bhatt-Scholze], S ®% S =, 5 @p S 2 5, since 1y @p I = R/(a ba) B
We observe that for any S-module P,

P, PetS~, Peb(Seks) > (Peks) ks, Peks.
Thus we have
M @ N =, (M @3 S) @5 N =, M ©% (S @3 S) @§ N =, (M @ S"S) @3 (S@§ N) =, M @ N.
The corollary thus follows. O

Remark 1.3.45. Given this definition, a natural problem arises. We want a way to build perfect rings, in
order to have more examples.

Definition 1.3.46 (perfection). Fix any ring R of characteristic p, and set
Ryers = lim R
F

the colimit perfection of R. Note we have a natural map R — Rpers. In fact, Rpe,s is a perfect ring, and
for any perfect ring .S with map R — S, there is a diagram

R—— Rperf

S
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Example 1.3.47. If R = Fp[z], then Ry, ; = F, x,x%mzﬂ%, ] =F, [xp%o]
Lemma 1.3.48. If R — S is faithfully flat and S has finite Tor-dimension, then R has finite Tor-dimension.

Remark 1.3.49. If R is local and characteristic p > 0, and the Frobenius F' is flat, then the natural map
R — Ryery is faithfully flat. (See [Stacks O00HP].)

Proof of Theorem [1.1.24] [Kunz], Part 2. Assume (R, m) has a flat Frobenius F. We show that R has
finite Tor-dimension; by Theorem [Auslander-Buchsbaum-Serre], the result follows. By Re-
mark R — Ryery is faithfully flat. By Lemma it is enough to show that Rpe,s has finite
Tor-dimension. Apply Theorem [Cohen Structure Theorem] to write

R/p; =~ k[[xlv "'7:Cd]]perf/a.

By Corollary it is enough to check that k:[[xl,...,acd]]perf has finite Tor-dimension. Now, note
the transition maps computing k[z1, ..., Zd]pers are flat (by the forward direction of Theorem
[Kunz], proven in part 1). Hence any flat resolution of k[x1, ..., Z4]per f-modules are also flat resolutions
as k[z1, ..., z4]-modules. That is, since k[z1, ..., z4] has finite Tor-dimension, k[x1, ..., z4] must have finite
Tor-dimension, as desired. O

1.4 F-split Rings

By Theorem [1.1.24] [Kunz]|, R is regular if and only if F, R is free, so we observe singularties by observing
“distance from free-ness.” Let rings be of characteristic p and F-finite (i.e., Fi.R is a finitely generated
R-module).

Definition 1.4.1 (F-split). A ring R is F-split provided the Frobenius map R — F, R splits in R-mod.
That is, there is an R-module map F, R %5 R so that the composition

R F.R —25 R
1+ F.1 1

is the identity.

Example 1.4.2. Let R = Fy[z]. Then F,R Rz = F, [mé], a free R-module with basis {1, x%}. Hence
F, [x%} ~R-1®&R-22. The projection p : R:~R-1®R-2* > R-1~R splits the Frobenius.
Example 1.4.3. If R is regular, then F,R is free by Theorem [1.1.24] [Kunz], and F,R = @f; R as

R-modules, where d = dim R. Then R — F,R with 1 — F,1 has a splitting which is projection onto the
F1-factor.

Remark 1.4.4. A splitting ¢ € Hompg(F. R, R) sent through the natural map
Homp(F,R,R) == R
maps ¢ — p(F.1) = 1. That is, if R is F-split, then evp,; is surjective.

Lemma 1.4.5. R is F-split if and only if evp,1 is surjective.

Proof. By Remark we only need to show that if evp, 1 is surjective, then R is F-split. But indeed,
suppose ¢ € Hompg(F. R, R) has t(F.1) = 1. This forces 1 to be a splitting. O

Remark 1.4.6. For any map of R-modules M % N, p is surjective if and only if M, £my Ny is surjective
for all m C R maximal ideals. That is, using this fact and Lemma the following are equivalent:

1. R is F-split,

2. evp,; is surjective,

3. (evp,1)m is surjective for all maximal ideals m, and
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4. Ry, is F-split for all maximal ideals m.

Remark 1.4.7. By Theorem [1.1.24] [Kunz], every iterate of the Frobenius splits in a regular ring; i.e.,

for all e > 1 and R regular, FfR = @f:ll R has a projection ¢ : F°R — R so that R — F°R % R splits.
This can actually be made stronger; in generality:

Lemma 1.4.8. R is F-split if and only if R — FER splits for some (equivalently, for all) e > 1.
Proof. If R — F, R splits with ¢ : F,R — R, we can “iterate” ¢ by identifying F, R with R. That is, apply
F,— to F,R % R. We get

F?R % F.R % R.

Thus, R is F-split implies R — F¢R splits for all e.
It now suffices to show that for a fixed e > 0, if F*R “ Risa splitting, then R is F-split. Observe that
the following map factors:

R —— F.R F¢R 25 R
1 F.1 Fely 1
Then ¢ : F,R — F¢R % Risa splitting for R — F, R, and hence R is F-split. O

Lemma 1.4.9. Fiz R C S an extension of rings.
1. R — S splits if and only if there exists a surjective map S — R.
2. If R — S splits and S is F-split, then R is F-split.

Proof.
1. Certainly if R — S splits, then there is a surjective map S — R, the splitting. Conversely, suppose
1 : S — R is surjective, and let a € S so that ¥(a) = 1. We construct a new map ¢ : S — R where
f = (af). Thus p(—) = ¢¥(a—) is an R-module map, and therefore a splitting of R — S. Observe

R S 4 R
l——1—— p(1)=9¢(a)=1

2. If S is F-split; i.e., there is a map Fi.S 2 S, and if R C S is split, i.e., there is a map S 2, R, then
the map

R FR—-FSSSUR

is a splitting, so R is F-split.

Example 1.4.10. Any direct summand of a regular ring is F-split.

Example 1.4.11. A Veronese is F-split: k[z", 2" 1y, ...,2y" "1, 9y"] is a direct summand of k[z, y].
Example 1.4.12. Fix a group G, and let G act on S = k[z1, ..., z,] by homogeneous action. The invariants
S¢={feS|g-f=fforalgeG}
form a subring, and when |G| # 0 mod p, then S¢ C S splits. The splitting is p: S — S defined by

1
p(f) = Itell Z g-f
| | gGG

and is called the Reynolds operator.
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Example 1.4.13. Let p =2 and let G = Z/QZ ={e,g}. Let S = k[z1,y1, 22, y2]. The action is defined by
g-T1 =21+ g- T2 =2 + Y2
g9-Y1 =M1 g Y2 =1Y2

In this case, S¢ = k[x12 — Y121, Y1, T2Z — Yo, Yo, T1Y2 — z9y1]. We can check later (using Corollary [1.4.24
[Fedder’s Criterion]) that in this case, S¢ is not F-split.

Example 1.4.14. Determinantal rings are F-split; i.e.,

Ty z]/
_ _klr,y, z,u,v,w
R= {u vy, = 2,y ]/(xv — YU, TW — ZU, Yyw — ZV)’

where I5 denotes the 2 x 2-minors of [m y 1 .
U oUW

Remark 1.4.15. A natural question to ask is the following: when is a ring R = klzy, ""zd]/a an F-split
ring?

To answer this, set S = k[z1, ..., 24], and we ask when a map F,.S — S descends to a map F,R — R. If
this happens, then

F.S—25 5

Lo

F*RT>R

commutes. That is, we are asking for any given ¢ € Homg(F,S,S), when does ¢(F.a) C a? This would
yield a well-defined .

Definition 1.4.16 (p-compatible). Call an ideal a a p-compatible ideal if ¢(Ffa) C a.

Remark 1.4.17. To get a better understanding, we consider Homg(F. S, S) as a (F,.S)-module via the map
(Fya)-@: Fu.S = S, Fif = o(Fuaf).

Theorem 1.4.18. If S = k[z1,...,xzq4] or a localization or a completion of k[x1,...,x4], then as an (FES)-
module,

Homg(F7S,S) = FES
with generator ®% given by

OL(Foay ™ - 2 = 1 if A :pe —1 for all i;
0 otherwise.
That is, ®% is projection onto the (17", L wg? ) -factor.
Example 1.4.19. If p = 2 and S = Fy[z,y|, then F.S = S35 @?:1 S has basis {1,x%,y%, (:Ey)%}, SO
S:>S.1eS-ataS-yras- (1),
and g is projection onto S - (zy)2 = 5. We see that p, : S2 — S, defined by projection onto S - z2, is
Po = y% - ®g. Similarly one can express all other maps F,S — S in terms of the generator ®g.

Proof sketch of Theorem [1.4.18 First, write F¢S = @f:dlS where d = dim S, by Theorem [1.1.24
[Kunz]. Now

ped ped ped
Homg(F(S,S) = Homs | @S, 5 | = @ Homs(S,5) = P S = FrS.
i=1 i=1 i=1
It suffices to prove that each projection Fi¢S — S has the form Ffu - ®¢. O
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Remark 1.4.20. If ¢ € Homg(F¢S,S) and g € alP] (recall Definition [1.1.19| [Frobenius power]), then
a-F¢S = FealP) and Feg = h- F€1 for h € a. Thus,

p(Fig) = @(h- F{1) = h-(F71) € a.

This means that any u € (alP) :a) = {f € S| fa C alPl} will force ¢ = Ffu - ®% to satisfy p(Ffa) C a
i.e., will force a to be ¢-compatible.

Let z € a. We have o(Ffz) = ®4(Ffu-x) = ®%(y - Ff1) € a, with y € a. This gives a natural
homomorphism as F'¢S-modules:

Fe (a[ﬂ : a) - Homg (FS, S) — Homp(F*R, R).

Lemma 1.4.21. Fiz R = S/a. Let b C S be any ideal. If p € F¢ (a[”e] : b) -Homg(F¢S,S), then ¢ satisfies
©(Feb) C a. Moreover, if p(F€b) C a for all p € Homg(F¢S,S), then b C alP"l. In particular,

Fe (a[ﬂ : b) - Homg(F°S, S) = {¢ € Homg(F°S, S) | ¢(F°b) C a}.

Proof. Let p € F¢ (a[Pe] : b) -Homg(F¢S,S). By a direct generalization of Remark [1.4.20| above, we have
@(F7b) € a.
Next, assume that @(F¢b) C a for all ¢ € Homg(F¢S,S). Recall that by Theorem (1.1.24] [Kunz],
ed
FeS =@ | S, so for any projection p, p(F¢b) C a by hypothesis. Thus
ed

p
Fb CaFeS = Fia?l = a,

i=1

which forces b C alPl. Indeed, let z € b. Apply all projections p(Ffz) € a. If we write Fx

ed ed .
(Txy A)rona € @F_, S, then in any slot, zy,, ., € a. Hence, F,b C @F_a = a- F¢S = Fealr’l.
Therefore, b C alP’], as claimed. [

Theorem 1.4.22 (Fedder’s Lemma). Fiz R = S/a with S a polynomial ring. The map
Fe (a[p“‘] : a) -Homg(F°S, S) — Homp(F°R, R)

is surjective with kernel F¢ (a[pe]) -Homg(F£S,S). That is, as F¢S-modules,
p°] .
Homp(FSR, R) = F¢ <(“ ' “>/a[p61> -

Proof. Surjectivity: BLANK.
To confirm the kernel, apply Lemma [1.4.21| with b = S; the result follows. O

Example 1.4.23. The condition that S is regular is necessary. If we let S = k[x,y,z2], T = S/(mz —yz)

and R = T/(x y) = k[z], then the map ¢ : F.R — R sending F,zP~! — 1 does not lift to T First, lift ¢ to

S. We need an element u € ((2P,y?) : (zy)) = (zy)?~* + (zP,yP), and hence we get F,u-®g. But to lift this
map to 7', we would need v € ((z? — y2)? : (z,y)).

Corollary 1.4.24 (Fedder’s Criterion). Let (S,m) = k[z1, ..., Zd]m- The following are equivalent:
1. R= S/a is F-split,
2. (a[pe] : a) ¢ mlP*) for some e, and
3. (aPl:a) ¢ mlPT for all e.
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Proof. The equivalence between 2 and 3 is Lemma [1.4.8

If R = S/a is F-split, then ¢ € Hompg(F¢R, R) with ¢(FfR) € m. Let f € R such that o(F¢f) ¢ m.
By Theorem [Fedder’s Lemma], ¢ = Ffu- ®§ for u € (a[pe] ra). If (a[pe] ca) C mlP) then
P(FSf) = ®L(Ffuf) € m, a contradiction. Hence 1 implies 2.

Conversely, if g € (a[pe] :a) \ mP’l then F¢g- ®% descends to a map ¢ € Homg(F¢R, R) and ¢(F¢R) ¢
m. O

Corollary 1.4.25. If a is principle; i.e., a = (f), then S/(f) is F-split if and only if fP~ ¢ mlPl,
Example 1.4.26. Let S = k[z,y] and R = S/(xy)' Then R is F-split, as (zy)P~1 & (2P, yP).

Remark 1.4.27. We finally have an answer to the question posed in Remark [1.4.15} for which maps
© € Homg(F,S,S) is a p-compatible? We can ask another question: fix ¢ € Homg(F,S,S). Which a are
(p-compatible?

Theorem 1.4.28 (Schwede). If S is any F-split ring and ¢ € Homg(F,S,S), then there are only finitely
many a that are p-compatible.

1.4.1 Symbolic Powers

Definition 1.4.29 (primary). If R is any noetherian ring, then an ideal q C R is called primary
provided z - y € q implies x € q or y € /4.

Lemma 1.4.30. If q is primary, then \/q is prime.

Proof. Let ab € \/q. Thus (ab)" = a™b™ € q for some n. Thus a” € q or b" € \/q. Thus a € \/q or
b€ /4= /4. Thus ,/q is prime. O

Definition 1.4.31 (p-primary). If q is primary and p = /4, then q is called a p-primary ideal.
Example 1.4.32. In Z, (p") is a (p)-primary ideal.
Example 1.4.33. If (S, m) is a local ring, then m™ are m-primary.

2 Warning! 1.4.34. Not all prime powers are primary. If R = klz,y, 2] (22 — 4?) and p = (z,y),

then q = p? = (22, 2y, y?) is not primary. Observe that xz = 3> € q, but ¢ q and 2" ¢ \/q for
any n.

Remark 1.4.35. Recall that in Z, a prime factorization n = p;** ---p; forces an equality of
ideals

(n) = () NN (p).
Each (p;©) is (p;)-primary.

Definition 1.4.36 (primary decomposition). For a noetherian ring R, a primary decomposition
of an ideal a is a =gy N---Nq; with each g; primary.

Definition 1.4.37 (irredundant). We call a primary decomposition of an ideal a = q; N --- N g,
irredundant if no q; can be removed.

Definition 1.4.38 (associated primes). Given a primary decomposition a = g1 N --- N gy, we call
p; = 1/1; the associated primes of a. We write Ass (R/a) = {pi | pi = \/4; is an associated prime}.

(Equivalently when R is commutative, p is an associated prime of an R-module M if R/p is iso-
morphic to a submodule of M; we write p € Ass(M).)
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Definition 1.4.39 (minimal primes). Given a primary decomposition a = q; N --- N q; with
associated primes p; = ,/q;, we call the minimal p;s with respect to inclusion the minimal primes.

Definition 1.4.40 (embedded primes). Given a primary decomposition a = q; N --- N ¢; with
associated primes p; = /q;, if p; is not a minimal prime, then we call it an embedded prime.

Example 1.4.41. If R = k[z,y](s,y), then (2%, 2y) = (z) N (2?,2y,y?) = (x) N (2%, 2y,y°) = - .
The minimal prime is (x), while the embedded prime is (z,y).

Theorem 1.4.42 (Noether). In a noetherian ring, every ideal a has an irredundant primary
decomposition a = q1 N --- N qs, and the set of minimal primes is unique.

Definition 1.4.43 (symbolic power). Let a be an ideal without embedded primes. Set
a®= (] ("R,NR),
pess(fy)
and call a(™ the n'* symbolic power of a.
Remark 1.4.44. We have a” C a(, but equality easily fails.

Example 1.4.45. If p = (2%y — 22, 22 — 3°, yz — 2°) C k[z,y, 2], then p(™) £ p” for n > 2. In fact,
p®) & p?, but p® C p?.

Remark 1.4.46. We now have a natural question: for any fixed ideal a, when does a*) C a”
hold?

Remark 1.4.47. Due to a result by Schenzel, symbolic powers are cofinal with ordinary powers.
In fact, for each n, there is an integer ¢ such that a(®®) C a”, and ¢ can be chosen independent
of a! (Though, ¢ still depends on R.) That is, the discrepancy is “linear.” This result is due to
Swanson.

Definition 1.4.48 (big height). For a radical ideal a, define the big height of a to be

bight(a) = max htp.
PEASS(R/a)

Example 1.4.49. If a = (zy,z2z) = (z) N (y, 2), then a has associated primes (z) and (y,z). We
have ht a = 1, while bight a = 2.

Theorem 1.4.50 (Ein-Lazarsfeld-Smith, Hochster-Huneke, Ma-Schwede). Let R be a regular ring
and let a be a radical ideal with bighta = h. Ifn > 1, then a" C a”.

Remark 1.4.51. Harborne asked: for a homogeneous radical ideal a in a polynomial ring with
bight a = h, is it the case that a(»»~"*+1) C q"? Unfortunately this fails in general, due to a result
by Harborne-Seceleanu.

Remark 1.4.52. Our goal is to show that a("»~"+1) C g™ holds if the ring S/a is F-split.

Theorem 1.4.53 (Hochster-Huneke). For a radical ideal a in a polynomial ring S with bighta = h and

q=p° > p, we have a9 C aldl,

Proof. As S is regular, by Theorem

1.1.24

[Kunz] the Frobenius on S is flat. This forces Ass (S/a) and

Ass (S/a[q]) to be the same. Fix an associated prime p, and note that p is generated by at most h elements
in Sy, by definition of bight a. Set a, = aS,. It suffices to check that aphq C pld,

Indeed, write a, = (z1,...,xp).
Principle does the job.

We need to show that (z1,...,2,)" C (119,...,2,9); the Pigeonhole

O
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Theorem 1.4.54 (Hochster-Huneke). Let S be a regular ring of characteristic p. Let a be a radical ideal
with bight a = h. For alln >0 and t > 0, alPn+tn) C (a(”‘l))n.

Theorem 1.4.55 (Grifo-Huneke). If S is a regular ring, a is a radical ideal with bighta = h, and S/a 15
F-split, then for n > 1, aln=h+1) C gn

Proof. Without loss of generality, we can assume S is local. It suffices to prove the following:

Claim. For q =p°® >0, (a[q] . a) C (a" : a(hn7h+1))[q]'

Proof. As the Frobenius is flat by Theorem [1.1.24] [Kunz], we have

(a" : a(h”*hﬂ))[q] = ((an)[q] . (a(hnh+1)>[q]) '

Set f € (ald : a). We wish to show that f - (a(h"_h“))[q] C (@), Note that
foathn=htl) C f.qC qld.

So,

f- (a<hn—h+1>)[‘” ct (a<hn—h+1>)q
_ (f . a(hn—h+1>) . (a<hn—h+1>)q’1

C ald). (a<hn—h+1>)q’1 ,

Thus, to prove the claim, it suffices to show (a(hn—h+1D)*"

1
To that end, pick ¢ large so that (hn —h+1)(¢ — 1) > h(n —

g (a[q])n_l7 since (a[q])n — (an)[‘I]
1)+ (hg — 1)(n —1). Thus

(a(hnfm))q’l - <a<hn7h+1>)(q71) C a((rn=h+1)(@=1) ¢ G(h(n=1)+(hg=1)(n-1)).

Therefore,
(a<hn—h+1>)q’1 C a(hn=D+(ha=1)(n—1)) (awq))”’l c (am)"”,
as desired. O

See that the claim yields the theorem, as a(»*~"*1) C q™ if and only if (a” : a(h”*hﬂ)) = S. We then see
that, assuming to the contrary that (a" : a(h”_h+1)) C m, the claim implies that

(a[q} : a) c (a" : a(hwhﬂ))[‘” C mldl
contradicting that S/a is F-split by Corollary |1.4.24| [Fedder’s Criterion)]. O

1.4.2 Geometric Perspective

Remark 1.4.56. Fix aring R. Recall (Definition[1.1.2|[spectrum], Definition[1.1.3][scheme])
that we get an affine scheme X = Spec R which is a locally ringed space. X has a structure sheaf
Ox, and we have the global sections functor I'(X, —) for which I'(X,0x) = Ox(X) = R. The
Frobenius F' : X — X coming functorially from F': R — R is an identity on points of X, but it
takes Ox to F.Ox.
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Definition 1.4.57 (direct image functor). Given a continuous map of underlying topological
spaces f : X — Y, we define the direct image functor f, from sheaves on X to sheaves on Y to
send a sheaf F on X to f,F, the (pre)sheaf on Y for which, given V C Y, f.F(V) = F(f~1V).

Remark 1.4.58. We restate Theorem [1.1.24] [Kunz] in geometric language:

Theorem 1.4.59 (Kunz). If X = Spec R, then the following are equivalent:

1. R is regular,

2. F: X — X is flat, and

3. F.Ox is locally free; i.e., for every point x € X there exists an open neighborhood U of x
such that

F*OX|U g@ OX|U
iel
as Ox |y -modules for I some indexing set.
Definition 1.4.60 (globally F-split). Call a scheme X globally F-split if Ox — F.Ox is split
as a map of Ox-modules.

Remark 1.4.61. It is evident that when X = Spec R, the following are equivalent:

1. X is globally F-split,

2. R is F-split, and

3. Ry, is F-split for all m
(by Remark [1.4.6). However, in general, if X is a scheme, then each local ring Ox ,, being
F-split need not imply that X is globally F-split.

Theorem 1.4.62. Let S be a reqular ring. Let a C S be an ideal, and let X = Spec (S/a). Define

an ideal

b, = im (Ff (a[ﬂ : a) -Homg (F¢S, §) 251 S) .
The set theoretic locus V(b.) C V(a) 2 X C SpecS is the set of points where X is not globally
F-split. That is, the globally F-split locus of X is open.
Remark 1.4.63. The ideal /b, does not depend on e, but b, itself does. That is, the embedded
primes/scheme structure of Spec (S/be> do depend on e.
Remark 1.4.64. We also restate Theorem [1.4.28| [Schwede] in geometric language:
Theorem 1.4.65 (Schwede). If X = Spec R is globally F-split, then there are only finitely many
compatibly F-split subschemes of X .

Proof sketch by means of decoding the geometric statement into algebra. A subscheme of X that is
of the form Y = Spec (R/a) is called compatibly F-split if ¢ : F,R — R is a splitting and a is a
p-compatible ideal. Hence, the theorem is equivalent to Theorem [1.4.28| [Schwede]. O

1.5 Local Cohomology

Fix a ring R and an ideal a C R.

Definition 1.5.1 (artinian module). An artinian module M satisfies the descending chain condition on
submodules. That is, there is no infinite descending chain of submodules M = Ny 2 Ny 2 ---. In other
words, given an infinite chain Ny O Ny D ---, there exists n € N such that N,, = Ny for all k£ > n.
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Definition 1.5.2 (a-torsion). The functor I'y : R-mod — R-mod for which

M To(M)={meM |a'm=0}=|] (0 a)

t>0

is the a-torsion functor, and I'y (M) is the a-torsion submodule of M.

Remark 1.5.3. The functor Iy is left, but not right, exact; i.e., given a short exact sequence 0 - A — B —
C — 0 of R-modules, the sequence 0 — T'q(A) — T'y(B) — ['y(C) is exact. Hence we may elevate 'y to the
derived functors R'T'q(M) = h*(T'q(E®)) for 0 — M — E* any injective resolution. In the derived category
D(R), we have the total derived functor RT'y : D(R) — D(R) for which h*(RI4([M])) = R'T(M).

Deﬁnition 1.5.4 (local cohomology). We define the i'" local cohomology of an R-module M to be
H (M) = R (Ta(M)).

Remark 1.5.5. We have the following facts about local cohomology:

1.

LN

If0 - A— B — C — 0 is a short exact sequence of R-modules, then there is an exact triangle
RI,(A) = R4 (B) = RIL(C) 5 RI,(A);
i.e., there is a long exact sequence
<o — HY(A) = HY(B) — H{(O) — HIPY(A) — - .

The natural Frobenius F : R — R induces additive maps F : H:(R) — H.(R).
For i > dim R or i < 0, H:(M) =0 for all M.
RI, = RT, as functors if and only if \/a = v/b.

RI, is additive; i.e., R, @ M; | =~ @ RI(M;).

3
One may identify H:(M) = h_r)nExti (R/ at M ), and for any cofinal system, the limit does not change;
t

i.e., if R has characteristic p > 0, then H:(M) = liﬂExti (R/a[pe], M)

If R — S is any inclusion of rings and N is an S-module, then RT'4(N) 2 RT45(N). If R — S is flat,
then for an R-module M, S @ g R['((M) =2 RIl'5(S ®g M). That is, for each i,

S@r H{(M)= Hig(S®r M).

For a directed system {M,},en of R-modules, H (hiq Mj> & h_n)lH;(Mj)
J J

If (R, m) is local and M is finitely generated, then each H{ (M) is artinian.

. Hi(—) is an analog of cohomology of topological spaces with supports. For each R-module M, set

U = SpecR \ V(a), and set M to be the sheaf associated to M on Spec R (that is, for Dy C X a

standard open (recall Definition [spectrum)]), M(Df) = My = M ®pg Ry). There is an exact
sequence

0— HY(M) — M — H*(U,M) — H:(M) — 0

and isomorphisms HE(M) = H*(U, M ). More generally, for a topological space X and a closed
subspace Y C X, the functor I'y (X, —) takes a sheaf on X to global sections s € I'(X, F) with stalks
Sz = 0 for g € X \'Y. The functor I'y (X, —) is left exact, and HL(X,—) = h'(RI'y(X,—)) is
cohomologically supported in Y. Apply this to X = SpecR, Y = V(a), and F = M; we recover
H(M).

Definition 1.5.6 (annihilator). Let M be an R-module, and S C M a subset. The annihilator of S is
Anng(S)={re R|rs=0for all s € S}.
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Remark 1.5.7. A fundamental result of Grothendieck ensures that if (R, m) is a local ring, M is a finitely
generated R-module, and i > dim M = dim (R/Ann M)v then H: (M) = 0. Furthermore, HI™M (M) # 0.
In particular, HI™E(R) # 0.

Remark 1.5.8. There is a notion of Cech complexes for H:(M). Fix a generating set (fi, ..., fs) for a; one
has the complex

C.(fl,...,fS;M) : 00— M — @Mfi — @Mfifj — s — @Mfl'“:"'fs — 1\4]01...10S — 0.
7 [

i<j
One may prove that h'(C®(fi, ..., fo; M)) = HL(M). Tt is therefore immediate that HZ(M) = 0 for i > s.

Remark 1.5.9. If Hi(M) # 0, then v/a = (fi1, ..., fs) with s minimal must have i < s. The Cech complex
gives a very explicit representation of

; ~ Ry, ...
H(fl,--.,fs)(R): frefs/

n (@ R, o, o Rfl...fs)

So an element n € H(Sfl,m’fs)(R) is an equivalence class n = [ﬁ]

Lemma 1.5.10. For a ring R, a = (f1,..., [s), a class n = [ﬁ} € H:(R) is zero if and only if there
is a non-negative integer k such that g(f1--- fs)* € (f1a+k, s fsa+k>.

Proof sketch. We only prove that the existence of such a k implies that n = 0. Write g(f1--- f)F =

S rifi%TF. Observe that
)= [ g } I WO
e I e
S fiE
fv’,a+k
= Z’ﬁ' [W]
1 .
- Zri [f1a+k . ./\ fsa+k‘| € m (@ Rflfbfé — Rfl"'fs) ,

anJrk ...
7

K3

so n =0, as claimed. O

Remark 1.5.11. Additionally, for v/a = (f1,..., fs), one may express H:(R) = @R/(flm ALY where
the transition maps are multiplication by fi--- fs. "

Example 1.5.12. Let R = k[z] and m = (). We have the Cech complex

C(z; R) : 0—>R—>R$:R[m_1]—>0.

So H2(R) = 0,and H(R) = RI/R ~ klz, xil]/k[x] = p~1k[z~1] is a k-vector space with basis {z =, 272, 273, ...}

and R-action
1 . .
xa i _ n—a if a <n;
" 0 otherwise.

Note that HL(R) is not a finitely generated R-module.
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Remark 1.5.13. More generally, if R = k[z1,...,24] and m = (x1,...,24), then H. (R) = 0 for i < dim R
and HI™E(R) is the k-span of {%dad | a; > 0}.

2191z

Example 1.5.14. When d = 2, we have

$2

N 2

Ty
k NN
[z, 9] : T y

A

and

1

Ty

1 1
z2y zy2

HZ (Kl y))

o

1 1 1
z2y2 zy3

8
|

Definition 1.5.15 (depth). For a local ring (R, m) and R-module M, we define the depth of M to be
depth M = min {H, (M) # 0}.
n

Remark 1.5.16. By definition, RI'y, ([M]) has support in [depth M, dim M].

Definition 1.5.17 (Cohen-Macaulay). We call an R-module M Cohen-Macaulay if depth M = dim M.
A ring R is Cohen-Macaulay if it is Cohen-Macaulay as an R-module.

Remark 1.5.18. Recall that a free resolution is a quasi-isomorphic representative Fy of [M] in D(R); i.e.,
F, is a complex with each F; free and with [M] =, F,. The complex F, need not be bounded; that is,
infinite free resolutions exist. It can even be the case that every free resolution Fy — M — 0 is unbounded.

Definition 1.5.19 (projective dimension). We define the projective dimension
pdim(M) = min {[M] =, F, | F; =0 for ¢ > n, F; is projective} .
n

Theorem 1.5.20 (Auslander-Buchsbaum). Let R be noetherian. Let M be a finitely generated R-module.
If M has finite projective dimension, then pdim M + depth M = depth R.

Remark 1.5.21. Any finitely generated module over a polynomial ring has finite projective dimension, by
the Hilbert Syzygy Theorem. Hilbert’s motivation was to study R, the ring of invariants. That is, he
wished to construct --- Fy} — Fy — RE — 0 with rank F; < oo.

Definition 1.5.22 (regular sequence). Let R be a noetherian ring. Let M be an R-module. A se-
quence 1, ...,xq € R is called an M-sequence (or M-regular sequence, or regular sequence) provided

(x1,...,xq)M # M, 21 is not a zero divisor on M, and z; is not a zero divisor on M/( ) for all 7.

L1y ooy Lj—
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2 Warning! 1.5.23. The order of a regular sequence matters!

Example 1.5.24. Consider R = k[x,y, z]. The sequence xy,zz,2 — 1 is not a regular sequence on R, but
r — 1,zy,xz is a regular sequence on R.

Remark 1.5.25. For finitely generated modules over local rings, any permutation of a regular sequence is
regular.

Theorem 1.5.26 (Rees). Let (R, m, k) be a local ring. Let M be a finitely generated R-module. If x1, ..., 24
is an M -regular sequence of maximal length, then for each i € {1, ...,d},

Hom (k’M/(xl,...,a:d)M) ifi = d:

Ext’(k, M) =
{0 otherwise.

Remark 1.5.27. The length d of a maximal regular sequence is min{Ext"(k, M) # 0}; i.e., if R is local
n

and M is finitely generated, then all maximal M-regular sequences have the same length.

Definition 1.5.28 (depth 2). Let (R,m) be a local ring and M a finitely generated R-module. Define
depth M = min{Ext" (k, M) # 0}.

Remark 1.5.29. Let us confirm that our two definitions of depth agree. Let 0 — M — E*® be an injective
resolution. We have Ext"(k, M) = h"(Hom(k, E*®)). For any R-module N, note that

Hom(k, N) = Hom (R/m, N) >~ Hom(k, T'(N)).

Thus Hom(k, E*) = Hom(k,T'n(E*®)) = Hom(k,RI'w(M)). So Ext"(k,M) = h"(Hom(k, RI'w(M)), and
one may check that

Hom(k, Ha®™ M (M) if n = depth M;

A" (Hom(k, R, (M)) =
(Hom(k, R (M)) {0 otherwise.

Remark 1.5.30. The above computation makes it clear that depth R < dim R. We can also redefine
Cohen-Macaulay local rings:

Definition 1.5.31 (Cohen-Macaulay 2). A local ring (R, m) is Cohen-Macaulay provided some system of
parameters is a regular sequence (equivalently, all systems of parameters are regular sequences).

Remark 1.5.32. The key connection for us between local cohomology and singularities in positive char-
acteristic is the following. The (iterated) Frobenius F© : R — R induces a natural morphism of complexes
RI.(R) = FRI el (R) &4 FSRIG(R), as Frobenius powers are cofinal with ordinary powers (Problem
Set 1 #5). This induces a Frobenius action on cohomology which we denote p® : Hi(R) — FfH.(R).

Explicitly, p°(rn) = 17" p(n).

Remark 1.5.33. We may view this as an additive map p° : Hi (R) — H: (R) which is not R-linear, but
does satisfy p¢(rn) = " p(n). This may be called F-semilinear, or p®-linear.

Definition 1.5.34 (Frobenius action). We say p: M — M is a Frobenius action if p(rm) = rPp(m).

Remark 1.5.35. Having such a Frobenius action p : M — M makes M into a left R{F}-module, where
R{F} = R[X]/(xr — Py Note that R{F'} is a non-commutative ring. A left R{F}-module is an R-module
M with a Frobenius action p: M — M.

Remark 1.5.36. Recall that for any field &, a k[T]-module V is a k-vector space with a linear transformation
T:V — V. See the analog to (M, p).

Remark 1.5.37. Note that we can iterate p, getting 1, p, p2, p°, ....
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Example 1.5.38. In the case a = (fi,..., fs) C R, the action on HZ(R) = hﬂR/(ﬁm,...,fsm) is p(lg +
(.flnla ) fsm)]) = [gp + (flpm7 ey fsimn)}'

2 Warning! 1.5.39. Local cohomology is almost never finitely generated!

Remark 1.5.40. One way to study large modules is to consider associated primes; i.e., prime ideals p for
which R/p — M. For example, one may have that

e Yo
pEAss(M)

and try to show that |Ass(M)| < oo. Unfortunately in general, H{(M) can fail to have finitely many
associated primes.

Remark 1.5.41. In the local setting, that is, When (R,m, k) is a local ring, m is an associated prime of
the local cohomology module H{(R) via k < Hi(R). Even when m is the only associated prime, the socle,
which is the largest k-vector space in H¢(R), can be infinitely generated.

Definition 1.5.42 (simple module). An R-module M is simple if M # 0 and M has no nonzero proper
submodules; i.e., if N C M, then N = 0.

Definition 1.5.43 (essential submodule). Let M be an R-module. An essential submodule of M is a
submodule N such that for every submodule H of M, H N N = 0 implies that H = 0. Equivalently, we say
that M is an essential extension of N.

Definition 1.5.44 (socle). The socle of a module M over a ring R is the set

soc(M) = Z{N | N is a simple submodule of M}
= m{E | E is an essential submodule of M}.

Remark 1.5.45. If M is an artinian module, then soc(M) is an essential submodule of M.

Example 1.5.46. The first local cohomology with infinitely many associated primes is due to Katzman in
_ klx,y,s,t,u,v . . . L

2002. Let R = [,y ]/(51:2112 —(t+ s)xyup + tyQu?)' Katzman' 1dent1ﬁ_ed the associated primes of

H? (R) with k[s,t]-irreducible factors of >_(—1)%(t! + st~ + .-+ + s*~1t + s%). In 2004, Singh-Swanson

(u,v)
gave examples over domains.

Theorem 1.5.47 (Huneke-Sharp). If R is a regular ring of characteristic p, then
Ass (H.(R)) C Ass (Exti (R/a, R)) .

That is, |H:(R)| < oo.

Proof. Without loss of generality, if p € Ass(HZ(R)), then we can assume R is local with maximal ideal p.
That is, we can assume that the socle of H:(R) is not zero. Recall from Remark that

HY(R) = lig Bxt' (B 1), ).

Some for some e, the socle of Ext’ (R/a[pe} , R) is not zero. Since R is regular, by Theorem [1.1.24| [Kunz],

the Frobenius is flat, so
Ext' (R/a[pe],R) & Tt (R/a, R) © F°R.
Now note that p in (R, p, k) is an associated prime of M if and only if depth M = 0, since

depth M = min{H' (M) # 0}
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and R/p = k — HJ(M) for all n > 0. (See Remark [1.5.41}) By Theorem [1.5.20| [Auslander-

Buchsbaum)], pdim M = depth R. Thus, by flatness,

pdim (Exti (R/a, R) ®r FfR) — pdim (Exti (R/a, R)) .

The result follows. O
Example 1.5.48. Consider R = klz,y, 2, w] (22 — yw) with m = (z,y,2,w). In H(Qx,y)(R), one can check
that m is the only associated prime, but the socle is infinitely generated, as for each a, the element {%}

is annihilated by m.

1.6 Anti-nilpotent Rings

We know that in general, local cohomology is not finitely generated, nor has finitely many associated primes.
What sort of finiteness can we expect in the case that R is an F-split ring?

Definition 1.6.1 (F-stable). Let (M, p) be an R{F}-module. Call N C M F-stable if p(N) C N. (That
is, using F,— notation, we say p(IN) C F.N.)

Example 1.6.2. If R = k[z1, ..., %4)m, then the only F-stable submodule of HZ(R) is itself. One can easily
check when d = 1; observe that if n = [-X] € H, (k[z]), then

z® ()

P(”):P([;@D =71m-

If NC H} y(k[z]) and N is F-stable, then {[-£:] | @ € N} C N, and scaling by z gives the result.

(z xPe

Theorem 1.6.3 (Ma). If (R, m) is F-split, then for each i, there are only finitely many F-stable submodules
of Hi (R).

Remark 1.6.4. Theorem [Ma)] generalizes results of Enescu-Hochster, which assumed R is a Goren-
stein ring. (See Definition [1.10.42| [Gorenstein] to come.) We will prove Theorem [Ma] using a
result by Enescu-Hochster (Theorem [1.6.6]) that deals with the following related definition.

Definition 1.6.5 (anti-nilpotent). Let (R, m) be a local ring. Let (W, p) be an R{F}-module. Call W anti-
nilpotent provided for each F-stable submodule V of W, p acts injectively on W/V. That is, p(w) € V if
and only if w € V.

Theorem 1.6.6 (Enescu-Hochster). If W is an anti-nilpotent R{F}-module, then it has only finitely many
F-stable submodules.

Remark 1.6.7. The proof of Theorem [Enescu-Hochster] utilizes a category of F-modules;
i.e., R{F}-modules M with an isomorphism 6 : M — M ®pr F.R. Lyubeznik gave a fully faithful
functor from artinian R{F'}-modules which is exact on the subcategory of anti-nilpotent modules. The
finiteness comes from an older result of Hochster that uses “noetherian induction.” The idea is that to
prove a theorem about noetherian modules, do so by contradiction. If M is a counterexample, then

{N C M| M/ N is a counterexample} # (), since it contains 0. By Zorn’s lemma, we pick N maximal
and work with M/ ‘\; that is, we can assume that all proper quotients of M satisfy the theorem.

Remark 1.6.8. Such a technique can be used to prove the following:

Claim. If R is a noetherian ring, then R has finitely many minimal primes.
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Proof. Suppose R is a noetherian ring, and assume via noetherian induction that all quotients of
R have finitely many minimal primes. R cannot be a domain, so pick  # 0 and y # 0 in R such
that zy = 0. Any minimal prime of R must contain x or y. If x € p, then p/(x) is a minimal
prime of R/(x)’ and symmetrically, p/(y) is a minimal prime of R/(y). Thus, R has finitely many
minimal primes. O

Remark 1.6.9. We also need the following lemmas to prove Theorem 3| [Ma].

Lemma 1.6.10. Let (W,p) be an R{F}-module. W is anti-nilpotent if and only if for each n € W,
n € spang{p(n), p*(n), p*(n), ..}

Proof. Let W be anti-nilpotent. The submodule V' = spanz{p(n), p?(n), ...} is F-stable, and clearly p(n) € V.

(n
As W is anti-nilpotent, p acts injectively on /V7 so p(n) € V (that is, p(n) =0 € W/V) implies n € V

(that is, n = 0 in W/V).
Conversely, let V. C W be any F-stable submodule of W. Proving the contrapositive, suppose W
is not anti-nilpotent, i.e., p does not act injectively on W/V. Pick n ¢ V such that p(n) € V. So

spanp{p(n), p*(n), ...} €V, but n & spanp{p(n), p*(n), ...}. O

Lemma 1.6.11. Let R be an F-split ring. Let n € Hi(R). Let N C H:(R). If F.n is in the F.R-span of
the image of N under H. (R) — F.H% (R), thenn € N.

Proof. We prove an actually strong result. Consider the following:

Claim. Let (R,m) and (S,n) be local rings. Suppose there exists a split injection R — S with
vmS =n. Let N C H.(R). If n is in the S-span of the image of N in H.(S) under the map
induced by the injection, then n € N.

Proof. Denote the splitting by «v : S — R. There is a natural map
¢S ©p Hy(R) — Hys(S) = Hy(S)

arising from tensoring the Cech complex computing Hi(R) by S. This gives a natural diagram

HL(S) s S®r Hi(R)

H,(R)

where ja(n) =1 ®n and j; is induced by R < S. The splitting v induces a map
a1+ Hy(S) — Hy(R) = Hy(R)
coming from S = R ® P as R-modules, so indeed we have
\: Hi(S) = HY(R® P) = Hi(R) ® H.(P) 2% H!(R) = H.(R).

We also have a map ¢z : S @r HL (R) — H (R) defined by ga(s ® n) = ¥(s) - n extended linearly.
Note that both ¢;7; = id and that the following diagram commutes:

H( S@RH‘ (R)

l\/
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Now assume that 7 is in the S-span of the image of N in H{(S). That is, ji(n) = Z skj1(nyg) for
k
ng € N and s, € S. Using the above, we have

n=q(j1(n))

=q (Z Skjl(nlc)>
k

. (; w(ya(nk»)
= Xk:ql(sw(jz(nk)))
- Zk:ql(w(swz(nk)))
=" ga(ska(ni))

- zk:qQ(sk(l ® nk))

- Xk: G5k @ ny)

= 2:27(810%

which is in N, as desired. O
The lemma follows by setting S = F,R. O

Proof of Theorem [Ma]. Let (R,m) be F-split. We need to show that there are only finitely many
F-stable submodules of H’ (R). By Theorem [1.6.6] [Enescu-Hochster], it is enough to show that F-
split implies anti-nilpotent. By Lemma [1.6.10] it is enough to check that for each element n € H: (R),
n € spang{p(n), p?>(n), ...}, for then H{ (R) is anti-nilpotent.
First, for j > 0, set N; = spanz{p*(n) | k > j}. Note that H: (R) = No 2 N; D N D ---. Since H (R)
is artinian (Remark , we can pick e minimal so that N, = N.41. The result follows if e = 0.
Assume for the sake of contradiction that e > 0, so p°~!(n) € N.. By Lemma p°~1(n) is not in

the F,R-span of the image of N, = N.;; under Hi (R) & F,H{ (R). But clearly p(p®~'(n)) = p¢(n) € N,
O

so we have a contradiction.
2 Warning! 1.6.12. The converse of Theorem [Ma] is false! Local cohomology H{ (R) having
finitely many F-stable submodules need not imply that R is F-split. Consider R = kla,y, Z]/(xB +1P 4 23

One can check that the only F-stable submodule of HZ(R) is the socle, but R is F-split only whenever
p = 1 mod 3, by Corollary [1.4.24) [Fedder’s Criterion]

Theorem 1.6.13 (Schwede-Tucker). Let (R, m) be an F-split local ring. Let the embedding dimension of R
be v. The number of primes p compatible with the splitting and of dimension d (that is, dim R/p =d) is at
most (2)

Remark 1.6.14. The bound (;) comes from the following theorem:

Theorem. If S is set of primes such that the set of finite intersections,

(il TCS|TI <00y,

pi€T

is closed under sums, then the number of primes in S of dimension d is at most (;)
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1.7 F-injective Rings
Lemma 1.7.1. If (R,m) is F-split, then for each a C R, the natural Frobenius action on H'(R) is injective.

Proof. Set ¢ : F,R — R the splitting, so

id

Apply Hi— to get

Hence, Hi(R) — F.H(R) is injective, as desired. O

Definition 1.7.2 (F-injective). Call a local ring (R, m) F-injective provided HE (R) — F.H. (R) is injec-
tive for all i.

Remark 1.7.3. By Lemma [1.7.1] above, F-split implies F-injective. The converse fails.

Example 1.7.4. Let R = kla,y, 2, wln (2y, 22, y(z — w?))" One can check that R is not F-split using
Corollary [1.4.24] [Fedder’s Criterion] in Macaulay2. That is, check that

(g 22,z = w7 (@y,02,5(2 = w?)) € ml.
How do we show that R is F-injective, though?
Remark 1.7.5. One technique to show that a ring is F-injective is through “deformation.”

Definition 1.7.6 (deform). A property P deforms for a local ring (R, m) provided for each regular element
r €m, if R/xR has property P, then R has property P.

Remark 1.7.7. The visual suggestion of deformation is clearer when we consider the geometric perspective.
Let X = Spec R. Map k[t] — R by t — z a regular element. We get a map of schemes X =+ A} = Spec k[t].
The map Spec R/xR < X is the fiber over 0.

Spec R/x R

L

™

1
¢ Ak

0
Remark 1.7.8. Note that P = “being regular” does not deform. Consider R = klz,y, Z]/z(y2 — 23 R is
not regular, but R/ZR > klxz,y] is.
Remark 1.7.9. Property P = “being Cohen-Macaulay” does deform. See Problem Set 3 #4.

Remark 1.7.10. A natural question thus arises: does F-injective deform for all local rings (R, m)? In fact,
this is open in general! There are some partial results, however.
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Theorem 1.7.11 (Fedder). If (R,m) is Cohen-Macaulay, then F-injective deforms.

Proof. Let x € m be a regular element. Let R/xR be F-injective. We need to show that R is F-injective;

i.e., we must show that H4(R) £ HX(R) is injective. This suffices, as R is Cohen-Macaulay, so all other
local cohomology modules are 0. Recall that we may pick a system of parameters z1,...,xqy with x = 1,
(z1,...,74) = m, and d minimal. An element n € HS(R) is a class

_ f
= xlal.‘.xdad ’

and we may pick a representative for n with a; minimal.
We know 7 = 0 if and only if there exists k such that f(z1---24)* € (2,9%, .., 24%%%), by Lemma

1.5.10f As R is Cohen-Macaulay, by Definition [1.5.31| [Cohen-Macaulay 2], zi,...,24 is a regular

sequence, so n = 0 if and only if f € (1%, ...,24%); i.e., k = 0. Also,

fP

p(n) = [mlpal

xdpad :|

Set 1 for the image of n in HY (R/.Z‘R)' Assume p(n) =0, so

fp

= 0’
PO - g PO

which implies fP € (2P, ...,24P%) in R. Thus fP € (2P, ..., 24P%) in R/xR' That is,

p([a:Qfde =p(7) =0

in R/J;R. As R/xR is F-injective, 7 = 0 in R/J:R' Thus, f € (x2%2,...,24%) in R/J;R, and hence we have
f € (x1,22%2,...,x4%) in R. We can write

d
— a; .
f=rizi+ E TiTi S
i=2

we get

d
f _ 1 +§ : rzxz
xlal "‘.Tdad - xlal ...xdad .’I’dad ’
i=

and
d a
7%
Z { axlz . (J/d:| - 0
x -..l‘
i=2 L1 d

in H: (R) by a Cech complex computation. This contradicts the minimality of aq, unless = 0, which we
needed to show. O

Remark 1.7.12. We can provide an alternative proof for Theorem as follows:

Proof. Consider the short exact sequence
0—>R1>R—>R/xR—>O.

We adjust the Frobenius action to get a map of short exact sequences:

31



0 R—" R Byp——0

sz—lFe lFe J/Fe

0 FR FR Flym—— 0

T

This induces in local cohomology, for d = dim R, the following:
00— Hi- (R/xR) — Sy HY(R) —=— HYR) —— 0
‘L \[Fe le’ch lFe
0 — FeHd-t (R/z R) — FEHL(R) —— FEHL(R) —— 0

We now assert the following:

Claim. zP~'F¢ is injective in the local cohomology diagram above.

Proof. We use the fact that if soc(HZ(R)) Nker(xP~1F¢) = 0, then ker(zP~1F°) = 0; that is, that
soc(HZ(R)) < HZ(R) is an essential extension. This holds by Remark [1.5.45, as Hd(R) is
artinian by Remark But indeed, we can show so explicitly:

Conflate F¢N with N for all objects N. Set n € soc(HZ (R)) Nker(xP~1F¢), so x-n = 0. That is,
lifts to Hd~! (R/x R) in the local cohomology diagram above. Now, as HZ~! (R/x R) — HZ(R),
we see that n = 0. Now, apply the 5 Lemma. O

O

Example 1.7.13. Let R = klz,y, 2wl ( as in Example [1.7.4] R is Cohen-Macaulay,

Y, T2, y(Z - w2))
and w € m is a regular element. The ring R/w Ris

R Ek IRCAE)
“wR= (2,9, 2 ) (zy,x2,y2)

One can check that R/w R is F-split using Corollary |1.4.24 [Fedder’s Criterion], hence F-injective by
Lemma Thus R is F-injective by Theorem [1.7.11

Remark 1.7.14. Cohen-Macaulay is not the only condition that gives a partial result to the question of
F-injectivity deforming.

Definition 1.7.15 (surjective element). For a local ring (R, m), call € m a surjective element if z is

regular and for all £ > 0, HY, (R/ng) — HE (R/mR) is surjective.

Theorem 1.7.16 (Horiuchi-Miller-Shimomoto). If (R, m) is a local ring, © € m is a surjective element, and
R/xR is F-injective, then R is F-injective.

Remark 1.7.17. Property P = “being F-split” does not deform, by Theorem [1.7.18] However, there is
a deformation result involving F-split and F-injective; see Theorem [1.7.19

Theorem 1.7.18 (Singh). Let m,n € Z such that m —* > 2 and

R=HAB.CD.T],

A24+T™ B D

where I = I c A2 pr_pl- If ged(p,m) = 1, then R/TR 1s F-split, but R is not F'-split.
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Theorem 1.7.19. If (R, m) is local, x € m is regular, and R/xR is F'-split, then R is F-injective.

Proof. Tt suffices to show z is a surjective element, by Theorem [1.7.16| [Horiuchi-Miller-Shimomoto].
Set £ > 0, and let C = coker (<I> cHE (R/xeR) — Hi (R/mR)>' We have a diagram

(% g) —2— 1y (%p) e 0
J{p J{p {Pc
Fei, (Beg) =5 Femiy (Bp) FeC 0

where all p are Frobenius actions. The image of HY (R/ze R) in H. (R/x R) is F-stable, by checking
Definition [1.6.1] [F-stable] using the diagram:

(@ (i (Vi) = Fro (o (1 (Vi) )

As R/m R is F-split, all local cohomology of R/w R is anti-nilpotent. Thus, p¢ is injective.
For e > 0, the map p: Hi (1 ~ FeHi (B factors as
m TR x Hm TR

i (Brup) = Febtiy (B p) = Febti (B ) > Fettiy (B p)
Denote by ¢ the piece of the above map ¢ : HY (R/xR) — FCHY (R/xpe R) — F¢H (R/xZR)'

So a diagram chase yields C' = 0. Indeed, let z € C. Lift 2 to 2z’ in HY, (R/xR)' Map 2’ to p(2') = Z,
and as p factors, pick Z € FCHE (R/IER) such that ¢(2') = Z. See that 2 — 0 € F°C, and since p¢ is

injective, C' = 0, as desired.

C 0
J:Pc
FeC 0
0
Thus, = is a surjective element, and the proof is complete. O

Theorem 1.7.20 (Ma-Quy). Anti-nilpotent deforms.

Proof sketch. The proof first establishes that if R/x R is anti-nilpotent, then z is a surjective element. Once
done, let N C H (M) be an F-stable submodule. One checks that

L= ﬂ ' N
teN

is also F-stable, then for each e, lets § : Hi! (R/xR> — H! (R) and produces a diagram

i-1 (R i i
0 Hy! ( /IR)/(S—l(L) L HRR), L HWR),

lFﬁ }pﬁlpe JFe

i-1 (R i i
o H /$R>/5—1L L LHNR), L HAR),
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Next, use a socle argument to show that zP° ~!F* is injective. This forces F to be injective. Finally, use an
argument similar to the proof of Theorem [Ma] to the sequence

NDOzNDz’?ND---
to show that N = L. O

Theorem 1.7.21 (Schwede). Let (R,m) be a local ring with ideals a1 and as such that a; Nag = (0)
and dim R = dim <R/a1) = dim (R/a2). If R/a1 and R/a2 are Cohen-Macaulay and R/al, R/a2, and

R/(a1 +ay) e F-injective, then R is F-injective.
Proof. Set d = dim R, and use
0-R-By elty — R/(a1 +ay) =0

Apply RI'y, to get
0— Hi " (R/(m + az)) = Hy(R) — H, (R/al) & Hy (R/az) =Y

for i < d. This will show that the natural Frobenius action on H{ (R) is injective for i < d.
We have also

0 — HE ™ (B 4 a) — HAR) — HE (T0,) @ 1 (R4,)
ij JPJVI jpg
0 —— i (B 4 a) = HAR) — B4 (T0,) @ 1 (R4,)
Set n € Hd(R) with ppr(n) = 0. Perform a diagram chase to see that 1 = 0. O

Theorem 1.7.22 (Quy-Shimomoto). Let (R, m) be a local ring with ideals a; and as. If R/al and R/a2 are

F-injective and R/(a1 + ) is anti-nilpotent, then R/( 18 F-injective.

a; N Cl2)
Proof. Consider the short exact sequence
R R R R
0— /(Cll n a2) — /al [ /a2 — /(al + a2) — 0.
The long exact sequence becomes
i-1 (R S r7i (R i (R i (R
o ( /(a1+a2)) _>H“‘< /(alﬁ%)) _>Hm< /al)@Hm< /C‘?) oo

Use this to write the following commutative diagram.

0 imd Hy (B oy nan)) — Hin (Fy) & 1 (0,
b l l
0 im§ Hy (B oy nan)) — Hin () @ 1 (i)

The key observation is that by the first isomorphism theorem,

%

R
im ¢ & Hy, ( /(a1 n a2))/ker5’

and note that ker d is F-stable. As R/(a1 N as) is anti-nilpotent by hypothesis, p is injective, and the proof
follows by a diagram chase. O
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Remark 1.7.23. One might wonder what the hypotheses of Theorem [Schwede] and Theorem
[Quy-Shimomoto] are actually requiring, perhaps in a geometric sense. If we set X = SpecR,
then a; and as define subschemes of X. Let Y7 = Spec R/al and Y3 = Spec R/a2 be these subschemes, or
respectively Y7 = V(ay) and Yo = V(a3). Recall that V(a;+as) = V(a;)NV(az), V(aiNag) = V(a;)UV (az),
and V(0) = X.

Definition 1.7.24 (F-injective 2). Call a scheme X F-injective if all local rings are F-injective.

Definition 1.7.25 (Cohen-Macaulay 3). Call a scheme X Cohen-Macaulay if all local rings are Cohen-
Macaulay.

Corollary 1.7.26. If X is a reduced scheme which is a union of two subschemes Y, and Yo with dim X =
dimY; =dim Y5, Y7 and Yy are Cohen-Macaulay schemes, and Y1, Yo, and Y1 NYs are F-injective schemes,
then X is an F-injective scheme.

Remark 1.7.27. This gives another proof that R = kla,y, 2, w]w (

Example [1.7.13]) Indeed,

(zy,22,y(2 — w?)) = ((x,9) N (2,9)) N (2,2 — w?)
= (y,22) N (2,2 — w?)

2y, 72,y (2 — w?)) is F-injective. (See

:alﬁag,

and a;+ay = (y, 7, z—w?). Bach hypothesis of Corollary [1.7.26|can be checked to see that R is F-injective.

1.8 F-rational Rings

Definition 1.8.1 (F-rational). A local ring (R, m) of dimension d is F-rational provided both
1. R is Cohen-Macaulay; i.e., H: (R) = 0 for i < dim R, and
2. HZ(R) is simple as an R{F}-module; i.e., there are no proper F-stable submodules of H¢ (R).

Example 1.8.2. R = k[z1,...,24]m is F-rational. We saw in Example that the only F-stable
submodule of H E’l y(R) is itself.

L1yeeeyXd
Example 1.8.3. If R = klz,y, Z]m/(xzz 1P+ 23 then the socle of H2(R) is F-stable and proper. Hence,
R is not F-rational.
Theorem 1.8.4. If R is an F-rational local ring, then R is F-injective.

Proof. As R is Cohen-Macaulay, we only need to check that the Frobenius action on HZ(R) is injective.
Note that zl}.xd} # 0 in HL(R), as otherwise there is a k such that (21 ---24)F € (2151, ..., 245Y) by

Lemma 0] This violates the Monomial Conjecture (now a Theorem).
This also shows that p ([z 1 D = { 1 } # 0; i.e., kerp # H2(R). Recall that ker p is F-stable.

1 Td T1PeTgP

As R is F-rational, ker p = 0, so R is F-injective, as desired. O

Remark 1.8.5. The converse fails. Let R = k[x,y,z]m/(xg_’_y?)_’_z?)). By ¢ Warning! [1.6.12) R is
F-split when p = 1 mod 3, and by Lemma [1.7.1] in that case, R is F-injective. However, by Example

11.8.3| R is not F-rational.

Remark 1.8.6. Thus far, we have the following diagram of implications:

F-rational
ﬂTheorem 84

F-split Lemma F-injective

Proof of Theorem m /

anti-nilpotent
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None of the implications above can be reversed, but we haven’t yet seen an F-injective and not anti-nilpotent
ring.

Example 1.8.7 (Enescu-Hochster). Let k be an infinite perfect field of characteristic p > 2. Let K = k(u, v).
Let L = K[y}/(ygp —uy? — ) Let R = K + «L[z] C L[z]. R is a complete, one-dimensional domain. We

will see that R if F-injective, but R is not anti-nilpotent.

Indeed, one first uses field theory to check that L/ k¢ has infinitely man F-stable K-subspaces. Next,
consider the short exact sequence

0—>R—>L[[x]]—>L/K—>O.

This induces in the long exact sequence

0 L Hy(R) — Hy(L[z]) — 0
It

Hy, (L/K)

This embeds L/K into the socle of HY (R); i.e., this promotes the F-stable K-subspaces of L/K to F-stable
R-submodules of H} (R). Therefore, R is not anti-nilpotent, by Theorem [Enescu-Hochster].

On the other hand, both Frobenius actions on L/K and HL(L[z]) are injective. This lets us conclude
that R is F-injective.

Definition 1.8.8 (nilpotent). A map f : A — B is nilpotent if for each a € A, there exists e > 0 such
that f¢(a) = 0.

Remark 1.8.9. Even though F-rational implies F-injective by Theorem but F-injective does not
imply anti-nilpotent by Remark we can reverse implications if we add another hypothesis. If (R, m)
is an F-injective local ring, then by definition p : H: (R) — H{ (R) is injective for i < dim R. For (R, m)
further to be F-rational, we need to conclude that H: (R) = 0. Note that if p is nilpotent and injective,
then H (R) = 0.

Note, however, that the Frobenius action on H¢(R) is never nilpotent.

Theorem 1.8.10 (Smith). For an excellent local domain (R, m) of dimension d, the largest F-stable sub-
module of HL(R) is

0%ya (r) = {ne HZI(R) | there exists ¢ # 0 such that cp®(n) =0 for e > 0},
which is clearly F-stable.

Corollary 1.8.11. We say a domain R is F'-rational if and only if R is Cohen-Macaulay and 03,4 = 0.

Definition 1.8.12 (Srinivas-Takagi, F-nilpotent). A local domain (R, m) of dimension d is called F-
nilpotent provided the Frobenius action on H{ (R) is nilpotent for i < dim R, and on 0%4 (R) is nilpotent.

Remark 1.8.13. This condition was also studied earlier by Blickle, et. al. F-nilpotence is deeply related
to various “Hodge theoretic” conditions in characteristic 0.

Lemma 1.8.14. Let (M, p) be an R{F}-module. If p is injective and nilpotent, then M = 0.
Proof. Let n € M. By hypothesis, p¢(n) = 0 for e > 0. As p is injective, n = 0. O

Theorem 1.8.15 (Srinivas-Takagi). A local domain (R, m) is F-rational if and only if it is F-injective and
F-nilpotent.
Proof. Set (M,p) = HE(R) for i < dimR or 0%a (r)- So (M,p) = 0 if and only if p is injective and

m

nilpotent. O
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Remark 1.8.16. We may now supplement Remark

F-rational
Theorem m@ »—Q—F—nilpotent7 Theorem [1.8.15| [Srinivas-Takagi]

F—Split Lemma [1,7.1

Proof of Theorem m};

anti-nilpotent

F-injective

Remark 1.8.17. Since we have discussed the techniques of deformation and gluing, one may ask: what
happens for anti-nilpotent, F-rational, and F-nilpotent rings?

Any subquotient of an anti-nilpotent R{F'}-module (M, p) is also anti-nilpotent. This forces anti-nilpotent
singularities to glue.

Also, anti-nilpotent deforms. Both gluing and deformation come from [Quy-Shimomoto.

Theorem 1.8.18. F'-rational deforms. That is, let (R,m) be a local ring with x € m regular. If R/xR is
F-rational, then R is F-rational.

Proof. Note that if R/x R s F-rational, then R/x R is Cohen-Macaulay and F-injective. Cohen-Macaulay
deforms by Problem Set 3 #4, and R being Cohen-Macaulay implies F-injective deforms by Theorem
In fact, since R is Cohen-Macaulay and F-injective, we have

0 —— HI-1 (R/xR) —— HY(R) —%5 HL(R) —— 0
lpe aP 1 pe p°
0 — Hi-! (R/xR) — HY(R) —— HL(R) —— 0
and xP"~1p¢ is injective for all e > 0. Set N C H(R) to be F-stable. Consider
NDOazNDz’NDa*?ND .-,
which stabilizes, as Hd (R) is artinian, to

L= ﬂ z'N.
teW

Note L = 2L. If L = 0, then 2P"~1p¢(N) C 2" ~'N = L = 0 for e > 0. However, 2P ~1p° is injective for
e>0,s0 N =0.
On the other hand, we want a contradiction if L # 0. Suppose so. First, consider the following claim:

Claim. LN Hd! (R/x R) £0 in HL(R).

Proof. Warning: one or both of these proofs is wrong. Write L = !N # x!"'N. Pick " € '~1N;
then ' = 2" € L and n = xn’ € L. Therefore n = 21’ = 221", so z(n’ — xn”) = 0, and thus

0#n —an” € LNker(-z) = LN HL! (R/xR) .
LN N ]

Note ker(-z) C L. Let € ker(-z), so z'n =0 for all ¢ > 0, and z'n € ' N = L. As L is F-stable,
p°(xtn) € L, so P ~1p¢(n) € L, which is 0, but zP"~!p® is injective. O
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If the claim holds, then 0 # L N H&™! (R/xR> C Hi! (R/xR) is proper and F-stable. Therefore,
it (Fp) c L
d - d . o . . .
Next, note that Hm(R)/L — Hm(R)/L is injective. Indeed, ker(-z) = Hd~! (R/xR)' Write L = 2' N #
t—1 t—1 s H4(R) -
't N; then n € 27N \ {0} is in ker(-z) on “"'m\*Y)/7 ~a contradiction.
e e d
If 2n € L, then 2P" ~1p°(n) = L, but ker(-z) C L, so the restriction of 27" ~!p® to Hm(R)/L is injective,
son € L. O

Remark 1.8.19. F-nilpotent does not deform in general. Let R = kla,y, 2]m One

Va? 4P+ 27+ ayz)
can check R/z R klz, y}m/(zz + ) is F-nilpotent (in fact, F-rational), but R is not F-nilpotent.
Remark 1.8.20. What about gluing? Note that F¢— is exact as a functor. That is, H} (F¢R) = F¢H! (R)
as F¢ R-modules for all i (a fact we have been implicitly using). If R is regular, then
FeH.L(R)= H.(R)®r F°R
by flatness of FfR (Theorem [Kunz]). But in general,
FeHIME(R) =~ HIMR(R)y @p FCR
for any local ring (R, m), since tensor product is right exact.
Definition 1.8.21 (0%,). Let R be a local domain. For an R{F}-module (M, p), define
03y = {m € M | there exists ¢ # 0 such that cp®(m) = 0 for some e > 0}.

Remark 1.8.22. Recall that p¢ : M — M defines an R-linear map M — M ® FE¢R by m — p¢(m) ® F£1.
For any ¢ # 0, we have a composition

pe s M O Ao per MO (o FeR,

and m € 0}, if and only if m € ker ¢ for e > 0.

Remark 1.8.23. Given an R{F'}-module (M, p), 0%, is nilpotent if and only if for each m € 03},, there
exists e > 0 such that p®(m) = 0.

Lemma 1.8.24. For R{F}-modules A and B, 0% = 05 & 0%.
Proof. For ¢ # 0,

A®B —— (A®B)® F'FR —— (A® B) ® F°R
IR R
A® FFR® B® F°R A® FFR® B® F°R

Theorem 1.8.25 (Maddox-Miller). If (R, m) is a domain with ideals a; and as such that
1. dim (R/(a1 R aQ)) — dim (R/al) = dim (R/ag) = dim (R/a1 n az), and
2. R/a1: R/az, and R/a1 1+ a, 0T F-nilpotent,
then R/a1 N ay s F-nilpotent.
Proof. First, fix ¢ < dim R. We have a short exact sequence
O—) R/al ﬂa2 _> R/al @R/CLQ _> R/Cl1 +a2 —> 0
Apply RI'y, to get the long exact sequence

s B (R ) S B (B nag) = HE () o B (Bay) -

By splitting up the long exact sequence, we have
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0 —— imd —— Hy, (B4, qa,) im a 0
I

ker

Note that for any short exact sequence of R{F }-modules

0—-M—N—P—0,

if M and P are nilpotent, then N is nilpotent. Since im ¢ and im « are nilpotent, H, (R/a1 N a2) is nilpotent.

Thus, the case i < dim R is shown.
Now, assume ¢ = dim R = d. We have

Hy (R/cu + 02) % Hy (R/a1 n a2) = Hy, (R/al) @ HY (R/az) ,

Let £ €0 & . That is, there exists ¢ # 0 and e > 0 such that ¢p®(§) = 0. Note
Hm( /ulﬁ(IQ)
(&) € Oy (B, Yot (Vs

as a(cp®(€)) = ep®(a(§)) = 0 using the commutativity of
Ha (Bay nay) — Ha (B,) @ Hi (Fy)

J{cpe J{cpe

1 (B, nay) = Ha (Ba,) 0 1 (Fa,)

By Lemma [1.8.24]
* ~ N* *
18 (Vo) ors (Vas) ~ O (Var) ® O (Bras)
One can check that, since 0% and 0* are nilpotent, there exists e > 0 such that p°(«(§)) = 0.

a1 (Bra,) mg (%a,)

Next, consider

3 a(€)
HE (B, 1 ay) = Ha (B nay) = BE (Fa,) 0 2 (Fa,)
| | |
T (%, 4 ay) — Ha (Faynay) — Ha (Bay) @ 2 (P4,)
pe(&) 0

Let ¢ € Hd ™! (R/al + ag) with §(¢) = €. Since d = dim (R/a1 + a2), Hi-t (R/a1 + a2) is nilpotent. Thus,
there exists ¢’ >> 0 such that p¢ (¢) = 0, and thus

P = p” pf(&) = p6(C) = 3p” (¢) = 0.
Thus, R/al Nay I8 F-nilpotent, as desired. O

Corollary 1.8.26. Let X be an equidimensional scheme which is a union of two schemes X =Y, UYs. If
Y1, Vs, and Y1 NYs are F-nilpotent, and if dim X = dimY; = dimY; = dimY; NYs, then X is F-nilpotent.

Corollary 1.8.27. The same theorem holds for F'-rational.

Proof. F-rational singularities are Cohen-Macaulay, F-injective, and F-nilpotent. O
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1.8.1 Local Algebra

Remark 1.8.28. One may ask: what does controlling singularities buy us? That is, what does
knowing deformation, gluing, or quotient results allow us to do?

Remark 1.8.29. Recall that for a local ring (R, m, k), each R/mn is a finite dimensional k-vector
space.

Definition 1.8.30 (length). Let (R, m) be a local ring. Define the length of R/mn, A (R/mn),
to be the k-dimension of R/mn. That is,

A (Bn) = dimy (B ).

Remark 1.8.31. The function n — A (R/mn) is eventually a polynomial in n of degree n?, where
d = dim R. It is called the Hilbert polynomial.

Definition 1.8.32 (multiplicity). One can set

dIA (R/mn)

e(R) = lim y

n— oo n

Call e(R) the (Hilbert-Samuel) multiplicity of (R, m).

Example 1.8.33. Let R = k[z1,...,Z4lm- We have /\(R/mn> = (”;rd) = %? + O(n?=1), so
e(R) =1.

Example 1.8.34. If R = k‘[ﬂ?,y]m/(yQ — 2?2 — 23) then e(R) = 2.
Example 1.8.35. If R = k:[a?,y]m/(yQ — 23); then e(R) = 2.

Example 1.8.36. If R = k[m’y]m/(ym — 210); then e(R) = 10.

Remark 1.8.37. A larger multiplicity e(R) implies a worse singularity of R.

~

R

Remark 1.8.38. One can show that A (R/mn> =A < /m" A). Thus, by Theorem [1.3.7| [Co-

hen Structure Theorem)], if R is regular, then e(R) = 1. The converse does not hold.

Example 1.8.39. If R = Kz, y, 2|m ( then e(R) = 1, but R is not regular.

xy, x2)’
Theorem 1.8.40 (Nagata). Let R be equidimensional. R is reqular if and only if e(R) = 1.

Theorem 1.8.41 (Huneke-Watanabe). Let (R,m) be a local ring of dimension d and embedding
dimension v.

1. If R is F-split, then e(R) < (;)
2. If R is F-rational, then e(R) < (;:i)

Definition 1.8.42 (reduction). A reduction of m is an ideal J such that m" = Jm"~! for n >> 0.

Definition 1.8.43 (minimal reduction). We call a reduction J minimal if it is minimal with
respect to inclusion. That is, if J’ is any other reduction of m, then J C J'.

Remark 1.8.44 (Briangn-Skoda). A theorem by Briangn-Skoda has the following consequence: if
(R, m) is F-rational of dimension d and .J is a minimal reduction of m, then m¢ C .J. Additionally,
one can fairly easily show that if (R, m) is F-split, then m?*! C J.
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Remark 1.8.45. The above tools are used to prove Theorem [1.8.41] Set minimal generators
X1y eey Ldy Y1y -y Yo—d for m. Let J = (21, ..., 24) be a minimal reduction. Consequently, if (R, m) is

F-rational, then R/ 7 has k-span comprised of monomials in yi, ..., y,—q of degree at most d —1. If

(R, m) is F-split, then R/J has k-span comprised of monomials in yq, ..., y,_q of degree at most d.
This gives

=1 if (R, m) is F-rational;
)\(R/J>§{(d1) if (R, m) is F-rationa

(;) if (R, m) is F-split.

Theorem 1.8.46 (Katzman-Zhang). If (R,m) is a Cohen-Macaulay F-injective local ring, then
e(R) < p"(4), for a specific n.

Remark 1.8.47. The proof of Theorem [1.8.46| uses an important fact. For an R{F'}-module
(M, p), set

04, = {m € M | p°(m) = 0 for some e} C M.
Set

HSL(M) = iréf{OfV[ = ker p°},

which need not be finite. (Indeed, consider M = Hi(R). If M is not noetherian or artinian,
{ker p°} may fail to stabilize.)

Theorem 1.8.48 (Hartshorne-Speiser-Lyubeznik). If (M, p) is artinian, then HSL(M) < oc.

Remark 1.8.49. The specific 7 in Theorem [1.8.46|is = max{HSL(H. (R))}.
K3

Remark 1.8.50. A natural question is the following: if (R, m) is F-nilpotent, is e(R) bounded by
some function of d, v, and n?

1.9 F-regular Rings

Remark 1.9.1. There is another way to characterize 07,4 (R) = 0. Let R be a Cohen-Macaulay domain.
For each ¢ # 0, if cp® is injective for some e > 0, then by construction, 03,4 (R) = 0.

Definition 1.9.2 (strongly F-regular). A domain (R, m) is strongly F-regular provided that for each
¢ # 0, there exists e > 0 such that

R—FR
1— Ffe
splits. (Slogan: a strongly F-regular ring has lots of splittings.)

Remark 1.9.3. For now, we drop “strongly,” and refer to such rings as F-regular. Be warned that this will
eventually clash with Definition [1.13.106| [F-regular].

Example 1.9.4. Regular rings are F-regular.

Example 1.9.5. Though we do not yet have the tools to verify this, the ring R = klz,y, z]m/(xQ Fy? 4 22)

is not regular, though it is F-regular.
Theorem 1.9.6. If (R,m) is F-regular, then it is F-rational.

Proof. We first show that (R,m) is Cohen-Macaulay. To see this, we will use a fact to be proven later
(Corollary [1.10.48)), using local/Matlis duality:
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Claim. For each i < dim R, there exists ¢ # 0 such that cHE (R) = 0; i.e., Ann H. (R) # 0.

Assuming this claim, choose e > 0 such that

R —— FR % FeR

1— Ff1 — Ffc
splits. Apply HE — to get

Hyo(R) — Ff(cHy(R) =0,

which is injective, so Hi (R) = 0. For each ¢ # 0, cp® is injective on HI™F(R), so we have Ofaim gy = 0,
so (R, m) is F-rational. O

Remark 1.9.7. It’s easy to see that if R < S is a split extension of domains with S an F-regular ring,
then R is F-regular. It’s also clear that F-regular implies F-split, by choosing ¢ = 1.

Remark 1.9.8. Once more, we may add to the diagram from Remark [1.8.16

Theorem [1.9.6]

F-regular F-rational
Theorem [1.8.4] + F-nilpotent, Theorem [Srinivas-Takagi]
Remark mﬂ
. L Lz LT
F-split cmma F-injective

Proof of Theorem m /

anti-nilpotent

Remark 1.9.9. The implication in Remark|1.9.7|cannot be reversed. The ring R = klz,y, Z]/(x3 o+ 2%)

is F-split for p = 1 mod 3, but R is not F-regular.

Theorem 1.9.10 (Glassbrenner’s Criterion). If (S, m) is a reqular and p C S is a prime ideal, then R = S/p
is F-regular if and only if for each ¢ € p, there exists e > 0 such that c(pP") : p) € mlP°l,

Remark 1.9.11. Notice the similarities to Corollary [1.4.24| [Fedder’s Criterion]. The proof is similar.

Theorem 1.9.12. Being F-reqular is a local property. That is, for a domain R, R is F-regular if and only
if (Rm,m, k) is F-regular for all mazimal ideals m.

Proof. It’s clear that R is F-regular implies (R, m, k) is F-regular for all m.
On the other hand, set ¢ # 0. Fix a maximal ideal m. The map R, — F¢R,, defined by 1 — Ffc splits
for e > 0, and the value of e depends on m. That is,

EVFEc

Homp, (F{Rm, Rm) —— Rm

is surjective for e > 0 depending on m. Pick a neighborhood U, C maxSpec R so that evp.. is surjective
for all n € Uy,; i.e., there is one value of e that works for all n € Uy,.

Note the following topological fact: max Spec R is quasi-compact in the Zariski topology.

Pick a finite subcover of {Un} and take a single e that works to have evpe,. surjective for all m. O

Remark 1.9.13. Note that in Theorem [Grifo-Huneke], we saw that symbolic powers were
a useful tool in studying F-split rings. Namely, we saw that if S is a regular ring, a C S is an ideal
with bighta = h, and S/a is F-split, then a"»~"+1) C ¢" for n > 1. The proof used Corollary
[Fedder’s Criterion]. One might wonder: can we use Theorem [Glassbrenner’s Criterion] to
show something similar for F-regular rings?

Theorem 1.9.14 (Grifo-Huneke). If S is a regular ring, p C S is a prime ideal with htp = h > 2, and S/p
is F-reqular, then for n > 1, p(h=1+1) C pn+1,
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Corollary 1.9.15. If h = 2, then p™ = p™ for alln > 2.

Theorem 1.9.16. Let S be F-reqular. If S C R is a module finite extension; i.e., R is a finitely generated
S-module, then the extension splits.

Definition 1.9.17 (splinters). A ring S is called a splinter provided if S C R is a module finite extension,
then the extension splits.

Remark 1.9.18. Hochster stated the Direct Summand Conjecture: every regular ring in any setting (char-
acteristic p > 0, characteristic 0, mixed characteristic) is a splinter. Some specific cases are quite tractable.
If S = k[z1,...,z,]) with chark = 0, then S is a splinter. For any extension S C R of domains, there is a
trace map on fraction fields:

Frac R T.7> Frac S

xz— Trx.

It’s not hard to see imTr|, C S. Set n = [Frac R : Frac S]. Consequently,

L1y
S—R—>— S

1%1}—>%n

is a splitting. Hochster additionally proved the Direct Summand Conjecture in characteristic p. The difficult
case was mixed characteristic.

Definition 1.9.19 (mixed characteristic). A local ring (R, m, k) is mixed characteristic if char R = 0 but
chark =p > 0.

Example 1.9.20. (Z,), (p),F,) is mixed characteristic. The p-adics are also mixed characteristic, as are
polynomials over these, quotients, etc.

Theorem 1.9.21 (André). The Direct Summand Congjecture holds.

Remark 1.9.22. The proof uses Scholze’s perfectoid spaces, coming from number theory and p-derivations.
The methods are similar, in some sense, to the proof of Theorem |1.1.24| [Kunz], using Rrert = hgnR.
F

Remark 1.9.23. Note that all regular domains are F-regular in characteristic p > 0. To see this, for
any ¢ # 0, pick a basis for F¢R where Ffc is a basis element. Hence we can prove the Direct Summand
Conjecture in positive characteristic by showing the following.

Theorem 1.9.24. F-regular rings are splinters.

Proof. Suppose S is F-regular, and suppose S C R is module finite. For simplicity, assume R is a domain,
1 1 1

and identify the Frobenius as R — R?° and S — S?° via peth roots. For e > 0 and a map ¢ : S»° — S, we

get a diagram

br— s R R L5 B S

Hom (RP%,SP%) ——— Hom(R, S)
[ l
S S

)

Our goal is to show that ev; is surjective. Pick ¢ # 0 in im ev;, which exists as R and S are domains. We
can consider

Frac evq

Hom(Frac R, Frac §) —— Frac S,
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which is surjective because Frac R C Frac S splits, as they’re fields. Pick a nonzero ¢ € im(Fracev;) and

clear denominators. Pick e > 0 and ¢ so that ¢ (01%‘) = 1. This makes the composition
pev 1 Hom (RP%,SP%) — S

a surjection, and thus by the diagram above, Hom (RP%7SP%> — Hom(R, S) £, S is a surjection, and

therefore ev; is surjective, as desired. O

Remark 1.9.25. One might ask if the converse to Theorem [1.9.24]holds. Are all splinters in characteristic
p > 0 F-regular rings? This is an open problem.

1.10 Local Duality and Gorenstein Rings

Remark 1.10.1. Our goal now is to take the diagram from Remark and begin to add hypotheses
that will reverse some of the other implications.

Remark 1.10.2. Recall Definition [1.5.43| [essential submodule of an essential extension of R-modules
M C E. We have seen in Remark [1.5.45 and Remark that soc Hi (R) € HL(R) is an essential

extension.

Definition 1.10.3 (injective module). An injective module is a module E such that Hom(—, F) is exact.
Equivalently, given any injection N — M and map N — FE, there exists a map M — E making the following
diagram commute.

E

<
r\
N
N
N
N
N

0O—— N — M

Remark 1.10.4. The category R-mod has enough injectives; i.e., every R-module M embeds in an injective
module E.

Definition 1.10.5 (injective hull). Every module M has an essential extension M C E with E an injective
module. Such an F is unique up to unique isomorphism. Denote this isomorphism class by E(M) and call
E(M) the injective hull of M.

Remark 1.10.6. Let (R, m, k) be a local ring. Special attention is paid to F(k), the injective hull of the
residue field. We write Eg(k) for E(k).

Example 1.10.7.
1. E(Z)=Q.
-1
2 E(%7) =201y

Example 1.10.8. If (R, m, k) is a 1-dimensional domain with Frac R = K, then there is a short exact
sequence

0 R K Er(k) — 0
R

K/

Example 1.10.9. Let R = k[z]n, one can write Er(k) as Er(k) & 27 'k[z~!] = H} (R). A similar statement
holds for R = k[z1, ..., Za|m; i-e., Er(k) = HL(R).

Remark 1.10.10. We have the following basic facts about injective modules:
e Any direct sum of injective modules is injective.
e Any direct summand of an injective module is injective.
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Lemma 1.10.11. Let E be an R-module. The following are equivalent:
1. E 1is injective,
2. every injection . — N splits, and
3. E has no proper essential extensions.

Proof. For 1 implies 2, let £ — N be an injection and use the lift given by
E
K\
idT Y
0— > E——5 N

Hence N — E is a splitting.

For 2 implies 3, if E C N, then N & E @ E’. This is essential if and only if £/ = 0, by Definition
[essential submodule].

For 3 implies 1, assume for the sake of contradiction that E is not injective. Pick E C E’ with E’
injective. This is not an essential extension, so “Zornify” the set

{(MCE |MNE =0}

to get a maximal N C E’ such that ENN = 0. Thus F — E//N is essential, and ' = FE @& N. Thus, E is
injective, a contradiction. O

Lemma 1.10.12. If (R,m, k) is a local ring, then Egr(k) is m-torsion and Hompg(k, Er(k)) = k.

Proof. Tt is clear that Ass(k) = Ass(Eg(k)), as any « € E with E/xE = R/p for some prime p has a multiple

in k C Er(k). Hence R/p & R/m. Thus Er(k) is m-torsion, as desired.
Next, note that £ C (0 :g m) C Egr(k), but if k # (0 :p m), then the first inclusion splits, yet this would
contradict the fact that Er(k) is essential via Lemma [1.10.11] Thus, Homp(k, Er(k)) = (0:pm) =k. O

Remark 1.10.13. One application of the fact that R-mod has enough injectives, and has injective hulls in
particular, is that we can use them to build injective resolutions. The resolution

\/
/\

0 M EY=EM) ——— E' = E(K°) ——— E?=E(K') —— -

\/
N

is the minimal injective resolution of M.
Theorem 1.10.14 (Bass Structure Theorem). If R is noetherian and E is injective, then
Spp
E= (P Er (R/ p)
pESpec R

where

p = dimp, Homp, (R/p, Er (R/p)) .
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Additionally, for the minimal injective resolution 0 — M — E*®, one has
Fi o @ o (R/p)eau(im) .
peSpec R
One calls the number p(i,p) the Bass number. For a module M, we have
p(i, p)(M) = dim Ext' (k(p), M)
Example 1.10.15. For R = S/a with S, a localization of a polynomial ring of dimension n, one has
X = i, m)(H 7 (R)) = dim Ext) (k, Hy~(R)) .

The numbers A;; are called Lyubeznik numbers. These are independent of the presentation of R, and they
capture topological information about Spec R.

Remark 1.10.16. A pressing question: how can we actually calculate Er(k) for a given local ring (R, m, k)?
Theorem 1.10.17. If (S,m, k) — (R,n,¢) is a map of local rings, then Homg (R, Eg(k)) = Er(¥).

Proof. First suppose R = S/a. If FE is an injective S-module, then Hompg (R, E) is an injective R-module.
This is because R is flat, so — ®g R is exact, and by hom-tensor adjunction, Homg(—, E) is exact.
Also using hom-tensor adjunction, we have

Hompg(—,Homg (R, F)) 2 Hompg(—, E).

Now consider the case that (S,m,k) - (R,n,¢) with mR = n (i.e., a local extension). In other words,
assume S is a localization of a polynomial ring. Apply the above calculation to F = Eg(k), and see that
Hompg(R, Es(k)) is an injective R-module. Tt is also clearly n-torsion, since Eg(k) is m-torsion.

By Theorem [Bass Structure Theorem)], y,(Homg(R, Es(k)) = 0 unless p = n. Therefore,

Homgs (R, Es(k)) = Er(£)®".

The result follows if we can show ¢ = 1.
Note that t = dim Hompg (¢, Homg (R, Es(k))) and

Hompg(¢,Homg(R, Es(k))) 2 Homg({ ®r R, Es(k))
>~ Homg(¢ ® k, Es(k))
>~ Homy (¢ ® k, Es(k))
= Homy, (¢, Hom(k, Es(k)))
=~ Homy (4, k).

Thus, t = 1, as desired. O

Remark 1.10.18. Recall that for a finite dimensional k-vector space V', there is a canonical isomorphism
VYV = Homg(V, k) & V. Furthermore, V = (VV)V. One might generalize from vector spaces over a field to
modules over a ring, and ask if, given an R-module M, is Homgr (M, R) = M?

Theorem 1.10.19 (Matlis). Let (R, m, k) be a local ring. Set (—)Y = Homg(—, E) where E = Eg(k).
1. The functor (=) is contravariant and fully faithful.
2. If N is artinian, then NV is noetherian, and NV¥ = N.
3. If N is noetherian, then NV is artinian, and NVV = N.
4. When R is complete, (—)V induces an equivalence of categories

{noetherian R-modules} <~ {artinian R-modules}.

Remark 1.10.20. Since F is injective, (—)V is exact.
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Remark 1.10.21. Matlis duality, along with the following fancier (i.e., derived) duality, will be powerful
tools.

Definition 1.10.22 (dualizing complex). For a noetherian ring R, a dualizing complex is an object
wY, € obj(D(R)) such that

1. w, is quasi-isomorphic to a bounded complex of injective modules, and

2. the natural map C* — RHom(R Hom(C*®,w}),w,) is a quasi-isomorphism for all C'* € obj(D(R)).

Remark 1.10.23. Condition 2 above is notably hard to check, but it can be replaced. It is equivalent to
say that wy, is a dualizing complex provided 1 holds and that R Hom(w,, wy;) = R. Roughly, to see this, use

R Homp(wh,wh) @ C* = R Hom(R Hom(C*®, wh), wh).
This is a fancy derived version of saying that if E and P are modules, then the natural map
Hom(E, F) ® P — Hom(Hom(P, E), E)
p@p = (= o(p)))
is an isomorphism.

Remark 1.10.24. Any shift of a dualizing complex is a dualizing complex. Furthermore, if w¥, is a dualizing
complex, then wy ® P for any rank 1 projective module P is also a dualizing complex.

Definition 1.10.25 (normalized dualizing complex). A dualizing complex w$, is normalized provided
h=dimE(ye) £ 0 and h~!(w}) = 0 for i > dim R.

Definition 1.10.26 (canonical module). Given a normalized dualizing complex of R, w},, the canonical
module is wp = h~ MR (W) £ 0.

Remark 1.10.27. Note that not all rings have dualizing complexes. However, any ring essentially of finite
type over a field does.

Example 1.10.28. We compute a dualizing complex for R = S/a when S is regular. First, note that when
S is regular, wg = S[dim S| is a normalized dualizing complex. To see this, note that S has a finite injective
resolution, as S is regular. Furthermore,

R (R Hom(w®,w?)) =0
unless i = —dim S, in which case
h~4mS (R Hom(ws, ws)) = Hom(S, S) = S.
Recall that
h{(R Hom(C*®, D*®)) = Ext'(C*, D*).

We claim that R Homg(R,w) is a dualizing complex for R. Roughly, S is quasi-isomorphic to a bounded
complex of injectives, and Homg (R, E) is an injective R-module when F is an injective S-module, by hom-
tensor adjunction. That is, RHom(R,w$) is quasi-isomorphic to a bounded complex of injectives. Also,

R Homp(R Homg(R,w$), R Homg (R, ws)) = RHomg(R Homg(R,ws) @% R, we)
>~ R Homg (R Homg(R, S) ®% R, 9)
= RHOms(RHOms(R, S), S)

As S is a dualizing complex, we get

R Homg(RHomg(R, S),S) = S.
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Example 1.10.29. We can also compute a canonical module. By flatness of localization, any localization
of a dualizing complex is again a dualizing complex. As a consequence, every ring essentially of finite type
over a field has a canonical module. Indeed, when R = S/a with S a polynomial ring,

Wp = h™ dim R(wlo%) =h~ dimR(RHOHl(R, S[dlm SD) — hdims_dimR(RHom(R, S)) _ EXtdimS_dimR(R7 S)

Remark 1.10.30. We have not yet dealt with completion in the derived sense. Since M is complete when
M — M is an isomorphism, what does it mean to ask for the completion of M*® a complex? We can make
sense of

lim M7/ e,

but @ — is not exact. Furthermore, for local rings which are not noetherian, a cokernel of M — N between

complete modules can fail to be complete. In fact, ﬂ m” need not be 0.
n>1

Remark 1.10.31. There is a more robust notion of completion, not just R@. Recall that for an R-module
M,

M/mnM = M®gr R/mnR
We can set m = (f1, ..., fs) and view M as a Z[z1, ..., zs]-module via Z[xy, ..., z5] = R where z; — f;.

Definition 1.10.32 (derived complete). Call M derived complete provided that the natural map

AT er M Z .es
M — Md = Rl&l (M ®%[$1,--47$5] [:L'17 ’xS]/({L'17 '”7:1:5),”)

is a quasi-isomorphism.

Remark 1.10.33. In the case that ﬂ m” = 0, then M =2 pfder,

n>1

Lemma 1.10.34 (Derived Nakayama’s Lemma). Let a be any ideal in any ring R. Let M be an a-derived
complete module. If M/aM =0, then M = 0.

Remark 1.10.35. Since the map M — Meder is faithfully flat, Mder = \f @b Rder,

Theorem 1.10.36 (Local duality). Let (R, m,k) be a noetherian local ring with o dualizing complex w¥,.
Let E = Eg(k). For any complex C*,

Hompg (R Hom(C*®,wy), E) = RI', (C*®).

Remark 1.10.37. Applying (derived) Matlis duality to local duality, we get

—

RHom(C*,w},) = RHom(RI'(C*), E).
When R is complete, this becomes
RHom(C*, wy) 2 RHom(RI',(C*), E).

Remark 1.10.38. Local duallity has a classical statement. If we apply h~*— to the above conclusion, we
get

h™ 'R Hom(RI'(C®), E) = Ext " (RT'»(C*®), E) = Hom(h!(RT(C*)), E).
Thus, local duality gives
Ext™"(C*,wh) = Hom(H! (C*), E).
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We can apply this to C* = R[0]. We get
Ext "(R,w}) = Hom(H! (R), E).

See that, if R is Cohen-Macaulay, then H{ (R) = 0 for i < dim R, so this forces (in fact, it is equivalent
to) Ext™'(R,w) = 0 for i < dim R. This occurs if and only if wh = 0 for i # dim R. That is, R is
Cohen-Macaulay if and only if w}, =, wgr[dim R].

Corollary 1.10.39. If R is Cohen-Macaulay, wh =, wr[dim R], and for any R-module M,
Ext? (M, wg) = Hom(H{ (M), E).
Remark 1.10.40. We get an even stronger result when wr = R. For example,
Hom(HZ(R), R) = Ext’(R, R) = Hom(R, R) = R.
That is, via another Matlis duality, H.(R) = Hom(R, E) = E.

Definition 1.10.41 (quasi-Gorenstein). A local ring (R, m) with a dualizing complex w$, is quasi-Gorenstein
(also 1-Gorenstein) if wg & R.

Definition 1.10.42 (Gorenstein). A local ring (R, m) with a dualizing complex w$, is Gorenstein if R is
quasi-Gorenstein and Cohen-Macaulay.

Example 1.10.43. If R is a regular local ring, then R is Gorenstein.

Example 1.10.44. Hypersurfaces (complete intersections) are Gorenstein.

Example 1.10.45. Let S = kla,y, 2 a,b, C]/(303 a®)’ Let R be the subalgebra generated by za, xb, xc, ya,

yb, ye, za, zb, and zc. R is quasi-Gorenstein, but dim R = 3 and depth R = 2, so R is not Cohen-Macaulay,
hence not Gorenstein. Such an (obtuse) example is the result of a construction using degree products.

Lemma 1.10.46. If (R,m) is Gorenstein and dim R = d (so wr = R[d]) and f € m is a regular element,
then R/f is Gorenstein, and

° ~ 1]~ 1(R
wR/f o WR/wa[d 1] = Ext ( /f7w3[d]) .
Proof. We have the short exact sequence

O%RLR%R/fR%O.
After applying RHom(—,w$) = RHom(—,wr|d]), we get

R Hom (R/f,wR[d]) — RHom(R, wg[d]) S, R Hom(R,wr[d]) *L RHom (R/f,wR[d]> )

an exact triangle. Taking cohomology, we get the exact sequence

0 WR £l WR Ext! (R/f,wR) — 0
I IR IR I
Hom (R/f, R) Hom(R,wr) Hom(R,wr) Ext!(R,wr)

1%
Hom (R/f, wR[dD

We thus observe Ext! (R/ W R) >~ WR/ o dimension shift by necessity, and W}.:a/ ~ Ext! (R/ f,wR) by
f
definition. O
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Remark 1.10.47. For any complete local ring (R, m, k) of dimension d with dualizing complex w, and
E = Eg(k), we have

Hom(HL(R), E) = Ext™(R,w}) = h™4(wh) = wg.

Corollary 1.10.48 (A corollary to local duality). Let (R,m) be a local domain. If i < dimR, then
Ann HE (R) # 0; i.e., there exists ¢ # 0 such that cH. (R) = 0.

Proof. Let w}, be the normalized dualizing complex of R. Without loss of generality, we can assume R is
complete. It suffices to find ¢ # 0 so that ch~*(w$,) = 0. This is sufficient by Matlis/local duality, since as
wY, is a dualizing complex, R Hom(w},w$) = R and

wgk = RHom(R Hom(wg, wg),wy) = RHom(R,wy).
Therefore
ch™(w}) = ch " (RHom(R,w})) = ch™ (Hom(RI'w(R), E)) = Hom(ch!(RT'w(R)), F).

Recall that Matlis duality is faithful, by Theorem [Matlis]. Thus ch~(w%) = 0 will force
(cHi (R))Y =0, and therefore cH{ (R) = 0.

Finally, note that h™*(w%) is finitely generated, so set K = Frac R and localize w¥,. We get a complex
w$, which is supported only in degree — dim R. Thus, the localization of h=*(w%) is 0 for i < dim R. O

Remark 1.10.49. Recall in Theorem we made the unproven claim that Corollary [1.10.48| now
takes care of.

Lemma 1.10.50. If (R,m) is a noetherian local ring with a dualizing complex w$, then the complex
RHompg(F{R,wy) is a dualizing complex for FER. Call this complex w. , and one has that wye p = Fiwy,.

Definition 1.10.51 (trace of Frobenius). The dual to R LN F?Ris

Hom(F¢R,wr) —— Hom(R,wg)
I ) I
Fewp — X wr

which is called the trace of Frobenius, T°.
Lemma 1.10.52. For a quasi-Gorenstein ring R, after identifying R = wg,
T¢: Ffwp —— wg

IR IR
F°R——— R €Hom(F°R,R)

generates Homp(FSR, R) as a F¢R-module.

Proof. First note that Hom(F¢R, R) = Hom(F¢R,wg) is a canonical module for F¢R. (This is okay, as F£R
is a finitely-generated R-module; i.e., R is F-finite, as we have been tacitly assuming throughout semester
1.) Note though that F¢R = R as a ring; i.e., F¢ is quasi-Gorenstein. Therefore Hom(F¢R, R) is cyclic as a
F¢R-module. Set ®¢ € Homp(F¢R, R) a generator. Write T¢(—) = ®°(F¢d- —) for some d € R. Take duals
to see that F¢ = Fé¢d - (®°)V, but note that F¢(1) = F¢1 = F¢d(®¢)V (1), which forces F¢d to be a unit in
FER. O

Example 1.10.53. Let S = k[z1,...,24]. Up to unit,

e e
. Fex P —tooggP 7 1
other monomials — 0.
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Lemma 1.10.54. A quasi-Gorenstein local ring (R, m) that is F-injective is F-split.
Proof. For a local ring (R, m), R is F-injective (i.e., Hi (R) < F¢H{ (R)) if and only if
(Ha(R))Y « Fi(Hy(R))".
Furthermore,
FEh™i(w}) = FEL(R)Y — HA(R)Y = h™(wf)
is surjective for all 7. For ¢ = dim R, the trace map Ffwg -, wpg is surjective. Therefore, when R is

quasi-Gorenstein, wr = R, and hence F{R TN Ris surjective. Therefore, R is F-split, as desired. O

Remark 1.10.55. Let’s update the diagram in Remark with our findings. In the F-finite setting,
we have:

Theorem |[1.9.6)

F-regular F-rational
Theorem [1.8.4]
Remark [1.9.7] +quasi-Gorenstein, Lemma [[.T0.54] + F-nilpotent, Theorem [1.8.15| [Srinivas-Takagi]
F-split Smma F-injective

Proof of Theorem m& /

anti-nilpotent

Remark 1.10.56. Are we able to reverse the implication F-regular implies F-rational? Recall that a local
ring (R, m) is F-rational if R is Cohen-Macaulay and H3™ £( R) has no proper F-stable submodules. Suppose
R is any ring and M — H3I™E(R) is an F-stable submodule. Taking duals, we get

Hom(HI™R(R), E) 2 wgr — MY = Hom(M, E).

As M is F-stable, MV is “T-stable;” that is,

M — HglimR(R) wp — MV
i F lF implies via Matlis that . TT
M —— HImE(R) wr —» MY

Set N =ker(wg — M"). We get the diagram

0 N WR MY —— 0
T JT lT
0 N WR MY — 0

That is, T(N) C N, so ker(wg — M) is honestly T-stable, as it is a submodule.
Conversely, any T-stable submodule N C wp has a cokernel

0= N—=wr—>WR/pN—0.

Since Matlis dual is fully faithful, WR/5y = M V for some module M. Taking duals again, we get M C
HImR(R) is F-stable.
Therefore, Matlis duality induces a bijection

Hom(

{N C wg T-stable} Hom(=B), {M C HI™E(R) F-stable}.
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Theorem 1.10.57. A Gorenstein F-rational domain is F-reqular.

Proof. Let R be a Gorenstein F-rational domain. (Note that as F-rational rings are Cohen-Macaulay, R
must be Gorenstein, not quasi-Gorenstein.) Fix ¢ # 0. Assume for the sake of contradiction that there is no

splitting for R — F¢R = Rp%, 1= Ffc= ¢#* . Now consider the set
a= (<p (cz%) | ¥ € Hom (R#,R) ,e € N) ,

which is the ideal in R generated by @(cp%) for all . Note that the nonsplitting of R — Rz’%, 1+ cr%e, is
equivalent to a # R. Also note that a is F-stable, and a # 0. Since R is Gorenstein, R = wg. Under this
identification, wgr has a nonzero proper T-stable submodule, which contradicts Remark [1.10.56| since R
is F-rational. O

Remark 1.10.58. Once more, update the diagram in Remark [1.10.55| We have:

+Gorenstein, Theorem [1.10.57]

Theorem [1.9.6!

F-regular F-rational
Theorem [1.8.4]
Remark [1.9.7] +quasi-Gorenstein, Lemma [1.10.54] + F-nilpotent, Theorem [1.8.15] [Srinivas-Takagi]
. L 1.7.1 .. .
F-split Smma F-injective

Proof of Theorem m

anti-nilpotent

Example 1.10.59. In particular, if .S is a polynomial ring, then S/ ¥t is Gorenstein. One can check that S/ 't
is F-injective or F-rational via Fedder-type statements.

Remark 1.10.60. Let’s now see another proof of Theorem [1.7.11|that uses dualizing complexes. The one
that follows is more homological, as it is element free. We will be able to use it to prove that F-rationality
deforms.

Theorem 1.10.61. Let (R, m) be Cohen-Macaulay. Let R have a dualizing “complex” wy. Let f € m be a
reqgular element. If R/fR is F-injective, then R is F'-injective.

Proof. Consider the diagram

0 rR—1 4R By 0
prﬁlFe J{FG J/Fe
0 F°R FR —— FfR/f — 0

As R is Cohen-Macaulay, w}, =, wr[dim R], where wg is a canonical module. If we apply Hom(—,wg), we
first get the long exact sequence

.- — Hom (R/f,wR) — Hom(R,wg) I, Hom(R,wr) — Ext! (R/f,wR) — BExt'(R,wg) — - - .

Now, wg is torsion-free, so Hom (R/f,wR) = 0. Furthermore, we have that Hom(R,wgr) = wg, that

Ext! (R/ngR) = wR/f = wR/wa’ and that Extl(R, wpr) = 0. We obtain a diagram
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0

|

E—spg—o

coker T¢ 0

TET Fff“17§T i,

0 —— Ffwp —— Ffwp —— FfWR/wa — 0

To show R is F-injective, it suffices to show that T is surjective. Since R/f is F-injective, Tﬁ/ is surjective.

We have a surjection p : cokerT¢ — D which comes from the Snake Lemma. Assume for the sake of
contradiction that coker T¢ # 0. Write coker T°¢ = wR/Te(Fwa)’ and D & WR/TG(Ffpr—le). There is a

natural map n: D — C so that

cHpho
is the multiplication by f map. Thus fC = C, contradicting Lemma [Nakayama’s Lemma]. O
Theorem 1.10.62 (Smith). F-rational deforms. That is, let (R, m) be an F-rational ring with a dualizing

compler wy, and let f € m be a reqular element. If R/f is F-rational, then R is F-rational.

Proof. First, note that R/ fi is Cohen-Macaulay, so R is also Cohen-Macaulay. Next, we need to show

that H¢(R) has no proper F-stable submodules. By Remark [1.10.56| there is a correspondence between
F-stable submodules of HZ(R) and T-stable submodules of wg.
Set 7(wr) to be “the smallest” nonzero T-stable submodule. Similarly, set 7(wr /f) to be the smallest

nonzero T-stable submodule. We will call 7(wg) the test submodule of wr and prove the following claim
later, where such a c is called the test element:

Claim. There is a regular element ¢ € R\ {0} such that
ZT"‘ (Fiewr) = 7 (wRr) -
e
In fact, we can pick c simultaneously so that c is a test element for both wg and wR/f.

Assume this claim, and consider the map R — F¢R defined by 1 — F¢fc. This induces the following diagram
for every e.

0 R £l R 7 0
1 1 1
Fefr=lc Fee [Fec]
0 FR FR PRy ——————— 0

Adding together, we get by applying Hom(—,wg) to all diagrams

0 WR WR wR/f 0
| d T

0 —— @Ffwg — @Fwa — @Ffw}g/f — 0
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where «a is the dual of 1 — F€c, § is the dual of 1 — F¢fP*~1¢, and v is the dual of 1 +— [F¢c].
The goal is to show that 7(wgr) = wg, forcing a contradiction. To that end, see that ima = 7(wg),

imy = 7(wg, ), and im # C 7(wg). By assumption, T(wR/f) =W, since R/f is F-rational.
Set C' = coker & and D = coker 3. By the Snake Lemma, there is a map p : C — D. There is a natural

map 1 : D — C. One can deduce that C = 0 by Lemma [Nakayama’s Lemma]. Roughly, nu is
multiplication by fc, and fc € m. O

Remark 1.10.63. We have also proved Theorem [1.10.62| [Smith] using a technique that doesn’t use
duality. Recall Theorem [1.8.18

Theorem 1.10.64 (Singh). Let n,m € Z with m — ™ > 2. Let

R — kA B,C.D.T],

where a is the 2 X 2 minors of

A2+ T™ B D
C A% B"—-D|"

The ring R/tR is F-reqular, but R is not F-reqular. Hence, F-reqular does not deform in general.

Remark 1.10.65. We have the following deformation results:
o F-regular rings do not deform in general. (Theore [Singh].)
F-split rings do not deform in general. (Theorem [1.7.18| [Singh].)
F-rational rings deform. (Theorem [1.10.62| [Smith].)
F-injective rings deform, when the ring is Cohen-Macaulay+ (like, for instance, Cohen-Macaulay at
all primes other than the maximal ideal (the punctured spectrum)). (Theorem [Fedder].) It
is conjectured that all F-injective rings deform.
Using the diagram in Remark we see that Gorenstein F-regular rings deform.

Theorem 1.10.66 (Shimomoto-Taniguchi-Tavanfar). Let (R, m) be a local noetherian ring of dimension d.
Let f € m be a reqular element. If R/f is quasi-Gorenstein and the Frobenius action on H&! (R/f) 18

injective, then R is quasi-Gorenstein.

Proof. Recall in Theorem [1.7.19|that proving R/ fi is F-injective implies R is F-split used the identification
of f as a surjective element.

Without loss of generality, assume that R is complete. The first step is to establish that f is a surjective
element; i.e.,

o (Vi) = 1 (% 1R)
is surjective for all i. By a diagram chase, this occurs if and only if H: (R) =R Hi (R) is surjective. (The
proof of this is an exercise in direct limits and local cohomology.)

Let’s check that this is enough. Using the short exact sequence
0—>Ri>R—>R/fR+07
we get the long exact sequence
oo HA(R) D i (R) > 1 (Bpg) > HAR) D HAR) — 0.

Assuming that f is a surjective element, we get the short exact sequence

0— Hi! (R/fR) — HL(R) L HI(R) — 0.
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Take Matlis duals to get

-f ~
0 — wp — wr — wR/f ~ WR/wa — 0.

Since R/ R is quasi-Gorenstein, wgr 7 = R/ R S0 WR is cyclic. Write wgr = R/ 7 for some ideal J. The goal
is then to show that J = 0. What follows is a sketch.

Since R/ R is quasi-Gorenstein, R is unmixed. There is an older result by Aoyama that says wg is
faithful; i.e., Annwg = 0. Thus, J = 0, and therefore wg & R.

Next, we can focus on showing that f is indeed a surjective element. By assumption, the map

iyt (Yyn) > peri (Yyn)
is injective, so it dualizes to a surjective map
Fwa/f S wR/f
R 1%
Fely tR— R, R

That is, R/fR is F-split. This forces f to be a surjective element by the proof of Theorem [1.7.19 O

1.11 Frobenius Operators

Remark 1.11.1. An easy, but fundamental, observation of Lyubeznik and Smith is the following. Let
(R,m, k) be a local Gorenstein ring.

Br(k) = Hi™ A(R)"

The natural Frobenius map on Hi™ F(R) gives a natural “Frobenius operator” on Er(k); that is, an R{F}-
structure.

Definition 1.11.2 (set of Frobenius operators). Fix an R-module M. Set
F(M)={p: M — M | pe€Homgr(M,F:M),p is a p*linear map} .
Call F¢ the set of Frobenius operators of order e.

Definition 1.11.3 (ring of Frobenius operators). We can patch the set of Frobenius operators of all orders
together; we get a noncommutative graded ring

F(M)=F(M)®s F (M) F2(M) @ -

That is, given a p®-linear map p: M — M and a pe/—linear map p' : M — M, then both po p’ and p’ o p are
p®t¢ -linear. One calls F(M) the ring of Frobenius operators.

Theorem 1.11.4 (Lyubeznik-Smith). If (R, m, k) is a complete local Gorenstein ring with E = Er(k), then
F(E) is finitely generated over F°(E).

Remark 1.11.5. The Gorenstein assumption is necessary; if

R = uovowp

Ty z
u v wl|’

then F(E) is not finitely generated over F°(E).

where I5 is the 2 x 2 minors of
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Theorem 1.11.6 (Katzman-Schwede-Singh-Zhang). Let S = k[z1, ..., 24]. Let n € N. Set M to be the set
of monomials of degree n in the variables z;, i € {1,...,d}. That is,

d
_ i1 iq s
M= x" x4 |§ ij=mn
i=1

The ring R = k:[m|/m\€ M] C S (which is called the n-Veronese subalgebra of S) satisfies the following.
1. If M = Ry,...., and N is the submodule of M generated by z1%* ---x4' with iy > 1 for some {, then

Br(k) =My
2. F¢(E) is generated over F°(E) by WFG with a; < p®—1 and Y a; = 0 mod n?p?.

Proof sketch. The proof relies on a delicate identification. It was known from before (in Blickle’s thesis)
!
that, if R = /4 with §' = k[z1, ..., za], then

.FE(E) ~ (u[pE] % CI)/a[pe]

(Recall Corollary [1.4.24] [Fedder’s Criterion].)
However, one needs to understand the operation in the graded ring. Write

A= Pl

neN

where [A],, are the degree n parts of A. Thus, A is an N-graded algebra. Thus [A]<,[Al<m C [Al<n+m-
Define

T(A) = PlAl- 1.

e>0
Therefore [T (A)]e = [A]pe—1. Give T (A) the noncommutative operation
frg=fg" €A
for f € [T(A)]e and g € [T(A)]e. One can check that
fxg € [Alpe—1)gpeper—1) = Mlperer 21 = [T(A)]eser

The theorem follows by writing F(E) = T (A) for some graded algebra A4 which is based on symbolic powers.
Roughly, under “nice” assumptions, wg is isomorphic to a height 1 ideal of R. One can promote the set of
all height 1 ideals to a group, called the divisor class group. The powers in this group of wg are the symbolic
powers wr™. Here, wp(™™ for n > 0 is HomR(wR("), R). The algebra needed for the theorem is therefore

A= GBWR(*H)7

n>0
which is called the anticanonical algebra of R. O

Remark 1.11.7. The anticanonical algebra A is almost never noetherian, but it is noetherian when R is
Gorenstein, or when wr has torsion in the class group.

Example 1.11.8. For n = 3 and d = 2, let R = k[23, 2%y, 29%,y%] C S = k[z,y]. For a fixed e, we have
the following.
1. If p =1 mod 3, then
FE) =R —F
O Lyt 7
which is finitely generated over F°(E).
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2. If p=2mod 3, then

]-"(E):R{ ' g op 1 p ! F2}7

;I;P*3yp*1 ’ IP*Qyp*2 ’ xpflypfg ’ xp2_1y172_1

which is finitely generated over FY(E).
3. If p =3, then

is not finitely generated.
Definition 1.11.9 (Q-Gorenstein). Call a ring R Q-Gorenstein if wr ™ is principal for n > 0.

Remark 1.11.10. Theorem [1.11.6| [Katzman-Schwede-Singh-Zhang] says that under these nice con-
ditions, F(F) is finitely generated when R is Q-Gorenstein with w ™ principal such that p does not divide
n.

Remark 1.11.11. Via duality, one can show that Hompg(wr® ~Y, R) = wr(*=?"), and identify

F(B) = PuwrPIF".

e>0
This justifies the strange operation on 7 (A) and gives it an explicit form:

(aF€) o (bF€) = ab?” Fete

1.12 FFRT Rings

Definition 1.12.1 (finite F-representation type). For aring (R, m), we say that R has finite F-representation
type (FFRT) if there is a finite collection Ny, ..., Ny of R-modules such that F¢R = N,%" ¢ ... ¢ N, %%
for integers a; € N. Note that N; does not depend on e, while a; does.

Remark 1.12.2. Recall our tacit assumption that R is F-finite; i.e., FSR is finitely generated for all e.
Thus if R has FFRT, each N; will also be finitely generated.

Example 1.12.3. If R is a regular ring, then by Theorem [1.1.24| [Kunz], F¢R = R®*4m~  Hence R
has FFRT; N; = R and ay(e) = edim R.

Example 1.12.4. Any direct summand of a regular ring has FFRT. In particular, the n” Veronese has
FFRT for n # 0 mod p.

Example 1.12.5. Any artinian local ring (which must have finite length) has FFRT.

Example 1.12.6. Any monomial quotient of a polynomial ring has FFRT. That is, if R = S/a where
S = k[x1,...,24)m and a is generated by monomials, then R has FFRT.

Example 1.12.7. The ring

where I is the 2 x 2 minors of

has FFRT.
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Remark 1.12.8. It is an open question if the ring

T11 Ti12 13
kE |xor w22 o3
R= T31 T32 33 /det

has FFRT.

Remark 1.12.9. When R is Cohen-Macaulay, F¢ is a Cohen-Macaulay R-module of dimension d = dim R.
Any direct summand N of F¢R is also a Cohen-Macaulay R-module of dimension d.

Definition 1.12.10 (maximal Cohen-Macaulay module). We call a Cohen-Macaulay R-module of dimension
dim R a maximal Cohen-Macaulay module (MCM).

Definition 1.12.11 (finite Cohen-Macaulay type). A Cohen-Macaulay ring R with finitely many indecom-
posible MCMs is said to have finite Cohen-Macaulay type.

Remark 1.12.12. If R has finite Cohen-Macaulay type, then R has FFRT.

Theorem 1.12.13 (Hochster-Nufiez-Betancourt, Dao-Quy). If R has FFRT, then for each i and ideal a,
H(R) has finitely many associated primes.

Proof. Set M = H{(R). Recall that p € Ass(M) if and only if HJ(M,) # 0. As Ff— commutes with
localization, it’s easy to check that Ass(M) = Ass(F¢M). Now, it’s clear that

Ass Hi(R) C | JAss H{(FER) € | Ass HY(N;).
e j=1

Thus

|ASSH§(R)| < Z ‘AssHé(Nj)| < 00,
j=1
as desired. 0
Remark 1.12.14. In the same paper, Hochster and Nunez-Betancourt also prove that

T11 T2 T13
ko1 x22 23
R= T31 T32 33 /det

satisfies the fact that each H:(R) has only finitely many associated primes.

Remark 1.12.15. The first proof of the associated prime theorem was from Takagi-Takahashi, in the
quasi-Gorenstein case. They proved that

Ass Hi(wg) C UAssEx‘ci (Nj/aNj,wR) .
J

Indeed, assume F¢R = N, @ ... @ N, %% . We get that
F:RHompg (R/a[p%w;—i) = RHompep (F* R/aFfR’ Ffwl',-i) ~ RHompg (F* R/aFfR’ w}i) ,
where the second isomorphism is a quite technical application of duality. Commuting the limit, we then get
R Homp (F Bpen w;q) o EB R Homp (Nj/a N w;q) .
J
One can then take cohomology to get

. ) Da,
FeBxt (B pryon) = @ FeBxt! (N, own)
J

and
Jim FY Ext’ (R/a[pe},wR> = Hy(wr).

Remark 1.12.16. A question: does FFRT imply F-regular?

58



1.13 Test Ideals

Remark 1.13.1. Recall that in Theorem [1.10.62| [Smith], we assumed that for a local ring (R, m) with
canonical module wg, we have the equality

T(wr) =Y T°(Ffewp),

where T is the trace of Frobenius, 7(wg) is the smallest nonzero T-stable submodule of wg, and ¢ € R\ {0}
is a test element. This claim will follow from a general theory of test ideals. Roughly, to check if R is an
F-regular domain, one needs to check a priori an infinite family of conditions:

For every d € R\ {0}, there exists e = e(d) > 0 such that R — F{R I, F¢R splits. (*q)

However, we can make our lives much easier by finding a single ¢ € R\ {0} so that if (x.) holds for all e,
then (#4) holds for all d.

Definition 1.13.2 (compatible). For a ring R, call an ideal a compatible provided ¢(Ffa) C a for all
¢ € Homp(F¢R, R) and all e.

Remark 1.13.3. Contrast the above definition with Definition [1.4.16| [p-compatible], where we fix one
¢ € Hompg(FEfR, R) and ask that o(F¢a) C a for this one ¢. For any fixed ¢ € Homg(FfR, R) and a which

is a p-compatible ideal, the map ¢ descends to a map p € Hompg (FfR/a, R/a).

F'R —X R

| |

e(R . R
E ( 7t a) 7 7a
A compatible ideal is p-compatible for all possible .

Remark 1.13.4. In the literature, compatible ideals a are also called “uniformly” compatible. In the case
that a is prime and compatible, a is also called “F-pure centers.”

Remark 1.13.5. There is a related class of singularities called F-pure. This is defined by asking that the
Frobenius map F : R — F{R is pure; i.e., that id®F¢ : M — M ® FZR is injective. In the F-finite case
(which we have still been tacitly assuming), F-split is equivalent to F-pure.

Lemma 1.13.6. The collection of compatible ideals in a ring is closed under finite sum and intersection.
The minimal primes of a compatible ideal are compatible.

Example 1.13.7. If R is regular, then there are no proper compatible ideals. Indeed, pick any f € R and
extend Fff to a basis for FfR, which is free by Theorem [1.1.24] [Kunz]. Let ¢ € Homg(F¢R, R) be the
projection onto the F¢ f factor. If a is compatible and f € a\ {0}, then

1=p(F(f) €a,
soa=R.
Remark 1.13.8. The above argument works for F-regular rings too; we just don’t need a basis.

Remark 1.13.9. Historically, a source of compatible ideals that were studied were of the form a = Ann N for
N C Hi(R) with N an F-stable submodule. Recall Theorem [1.4.28| [Schwede]; if R is F-split (F-pure),
then there are only finitely many such ideals.

Remark 1.13.10. Compatibility is linked to splitting in the following way:
Suppose q € Spec R is prime and compatible. For each f € q, the map

R— F°R-ZL peR
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cannot split. Otherwise, set ¢ : FR — R the splitting and note that 1 = ¢(F¢f) € q. Conversely, if q is
not compatible, then for some e, the local maps

Ry — FCRy 245 FeR,

split. That is, we could have defined q as compatible if for all f € q, the map
Ry — FeRy 20 FeR,

does not split.

Definition 1.13.11 (test ideal). Fix a local ring (R, m). Define the test ideal of (R, m) to be the unique
smallest nonzero compatible ideal, denoted 7(R).

2 Warning! 1.13.12. There is no reason to assume that 7(R) exists! Even in the F-split case, where for
each fixed ¢ € Hompg(FER, R) there are finitely many p-compatible ideals, it is still possible that all ideals
are not uniformly compatible.

Definition 1.13.13 (test element). Elements of 7(R) are called test elements.

Example 1.13.14. By Remark [1.13.19] for any F-regular ring R, 7(R) = R.
Example 1.13.15. For R = klz, y,z}m/(z3 TY g and p = 1 mod 3, 7(R) = m, which we will later see.

)
Remark 1.13.16. Suppose 7(R) exists. Let ¢ € 7(R) \ {0}. Note that the ideal
J=> Y. @(FcR)
e>0 pcHompg(F¢R,R)

is compatible. Note also that ¢ € J (taking e = 0 and ¢ = id). In fact, J is the smallest ideal that is
compatible and contains ¢; thus J = 7(R). Thus, to prove that 7(R) exists, it suffices to find one single
element in 7(R) \ {0}.

Theorem 1.13.17 (Existence of test elements). If R is reduced and ¢ € R\ {0} such that R. is F-reqular
(or just regular), then ¢ has a power which is a test element. Furthermore, if there exists p € Hompg(FER, R)
such that p(F¢1) = ¢, then ¢ is a test element.

Lemma 1.13.18. Formation of the test ideal commutes with localization and completion.

Proof. Let W be a multiplicatively closed set. Assume there exists ¢ € R\ {0} such that ¢ € 7(R) and
¢ e 7(W~'R). View both 7(W~'R) and W~'7(R) as ideals in W~'R. Note that by F-finiteness,

Homyy -1z (FCW 'R, W 'R) = Homg(F°R, R) @ W' R.

Thus any map ¢ € Hompg(F¢R, R) satisfies

A5 ()

Summing over all maps, one obtains 7(W~1R) = W17 (R).
Completion is similar. O

Theorem 1.13.19. A ring R is F-regular if and only if T(R) = R.

Proof. As 7(R) commutes with localization by Lemma [1.13.18] it suffices to assume that R is local with
maximal ideal m. If R is F-regular, then for any ¢ € 7(R) \ {0}, there is a splitting ¢ € Homg(F¢R, R) of
the natural map

R— F°R -5 peR
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so 1= p(F¢c) € 7(R). Thus, 7(R) = R.
Conversely, if 7(R) = R and ¢ € R\ {0}, consider the sum

YD w(FieR) #0,
e ¢

which is compatible. Thus, R = 7(R) C > > @(FfcR). Therefore, there exists e so that p(Ffc) € m; i.e.,

R— F°R % pep
splits. O

Remark 1.13.20. If a is a compatible ideal and 7(R) Na # 0, then 7(R) C a. It also makes sense to ask for
the “largest” proper compatible ideal. This is easier to construct when R is noetherian by Zorn’s lemma.

Definition 1.13.21 (Aberbach-Enescu ideals). Let (R, m, k) be a local ring with perfect residue field. For
each e, define the Aberbach-Enescu ideals

a. ={r € R| p(F¢r) € m for all ¢ € Homgr(F;R,R)} .

That is, these are the elements r € R for which

R— F°R -0 peR
does not split.

Definition 1.13.22 (F-splitting prime). Define ps(R) to be

ps(R) = ﬂae = {1" €ER|R—FIR B F¢R does not split for any e} .

One calls ps(R) the F-splitting prime.
Remark 1.13.23. Note that if R is not F-split, then 1 € p,(R); i.e., ps(R) = R.
Theorem 1.13.24 (Aberbach-Enescu). If R is F-split, then ps(R) is prime.

Proof. Since R is F-split, it is reduced. We can identify FfR = R Suppose that ab € ps(R). Set

1
.qx P¢

1 1
Ppe: B — RP° 25 R,

Proceed by contradiction and assume that a & ps(R) and b ¢ ps(R). Choose e; and ey so that ¢, ., and
©b,e, SPlit. Write 1, . for the splitting of ¢, .. The “composition,” up to identifying isomorphism classes,
of Pa,e; and Pb,es s will Spllt Let

b € Homp (Rﬁ,R)

ey 1
send (aP?”b)»*17%2 to 1. Ultimately, ¢, e bey e, Drecomposed with ¢ is a splitting. As ab € ps(R), the
element a?*b is also in ps(R), which is a contradiction. O

Remark 1.13.25. We see that if R is F-split, ps(R) # R is prime. On the other hand, what happens when
ps(R) =07

Theorem 1.13.26. Let R be an F-split ring. The following are equivalent:
1. R s F-regular,
2. 7(R) = R, and
3. ps(R) = 0.
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Proof. Theorem [1.13.19| proves that 1 and 2 are equivalent. Note that ps(R) = 0 if and only if for each
¢ € R\ {0}, there exists e > 0 such that

R— F°R -5 peR
splits. O

Remark 1.13.27. For each e, we can set

. . CVFg1

im, = im (HomR(FfR, R) —— R) ,
and it’s easy to check that

By a theorem of Hartshorne-Speiser-Lyubeznik, via Matlis dualilty, this chain stabilizes to an ideal which
we denote o(R) = im, for any e > 0. This ideal is called the non-F-pure ideal. It’s straightforward to check
that o(R) = R if and only if R is F-split.

Definition 1.13.28 (pair). Let R be a ring. Let M be an R-module. Let ¢ € Homp(F¢M, M). We call
the data (M, ¢) a pair.

Example 1.13.29. Let R be regular. Let ¢ = ® € Hompg(F, R, R) be a generator as an F, R-module. The
data (R, ®) is a pair.

Example 1.13.30. The pair (wg,T) is the “dual” of (R, ®).

Definition 1.13.31 (test ideal 2). For any pair (M, ¢), define the smallest nonzero p-compatible submodule
7(M, ). Call this, if it exists, the test submodule of (M, ).

Example 1.13.32. Let R = Fy[z,y]. As R is regular, 7(R) = R. However, if we set {1,22,y2, (zy)2} a
basis for R? and define a map ¢ such that
1=0
2% 1
y% — 0
(xy)? 0,

then we claim 7(R, ¢) = (y). Indeed, ©(yz) = 0 € (y) and for any f € (y), there is a polynomial g so that
©(f2) = (yg?). We can see this by expanding f2 and checking which terms go to 0. Thus,

@ (f%) =y (yg%) =yp (g%) € (v).

Thus (y) is ¢-compatible. It’s then a degree check to verify that 7(R, ¢) = (y).
Additionally, we can compute the test ideals for the following pairs:
1. If =2 is

1—0
22 0
y%|—>0
(xy)? 1,

then 7(R, ¢) = R.
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2. If pis
1—0
22 0
y%|—>1
(xy)? 0,

then 7(R, ¢) = (z).
3. pis

1—1
2% 0
y% — 0
(xy)% — 0,
then 7(R, @) = (zy)2".
Remark 1.13.33. Additionally, finding any ¢ € 7(R, ) \ {0}, one has for ¢ € Homg(FfR, R),
T(R.p) =) ¢"(FI“cR).
Lemma 1.13.34. If ¢ € Homg(F¢R, R) and m > 1, then 7(R,p) = 7(R, ™). Moreover, 7(R,o™) =
7(R, ") for all m,yn > 1.

Proof. 1t’s clear that the second claim follows from the first, so we only show the first. It’s also clear that
T(R,¢™) C 7(R, p), since T(R, ) is ¢™-compatible. Conversely, pick ¢ a test element for 7(R, ™) and
write

T(R, ) = Y @"(FI°cR) €Y (¢™)"(FI™cR) = 7(R, ™).

O

Remark 1.13.35. We will see in semester two a geometric interpretation of pairs. In particular, set
X = Spec R. A “fancy” adjunction will associate to ¢ a subscheme A, C X.

Ay

The ideal 7(R, ¢) will characterize the singularities of A, as embedded in X.

Remark 1.13.36. Provisionally, one can define (R, ¢) to be F-split if ¢ is a splitting of F'¢ and F-regular
if 7(R,p) = R. It is elementary to check that for a domain R, (R, ) is F-regular if and only if for all
¢ € R\ {0}, there exists n > 0 such that

R—F*R-ZLR

splits via the map ™ : F{**R — R.
We will eventually see a greater generalization of pairs.
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Remark 1.13.37. For Gorenstein rings, there is an obvious, nearly canonical, pair. Recall that R LN FfR

~

dualizes to the trace map Ffwpg -, wpr. After identifying wg = R (which is not done canonically), we
obtain

Fwa L WR
12 1
FER —— R

Later, we will check that ®¢ generates Homg(F¢R, R) as an F¢ R-module. (This is a consequence of adjunc-
tion.)
Theorem 1.13.38. If R is a Gorenstein ring, then 7(R) = 7(R, ®°).

Proof. Tt’s clear that 7(R, ®¢) C 7(R), as 7(R) is ®°-compatible.
Fix d, and write ¢ € Homg(F%R, R) as p(—) = ®¥(Fdc- —) for some ¢ € R by the generation claim in
Remark [1.13.37 above. We have

p(FIT(R,®%)) = & (Fler(R, @) = @ (Fler(R, @7)),
by Lemma Next,
o4 (Fler(R, %)) C @4(Fir(R, @) C 7(R, %),
by compatibility. Finally,
(R, ®) = 7(R, ®°)
by Lemma Hence 7(R, ®°) is ¢-compatible for any . O

Remark 1.13.39. Our next goal is to show that test ideals, in particular, 7(wg, T'), exist, for wr a canonical
module and T : Fo,wr — wg the dual of Frobenius. Recall that

T(wr, T) =Y T*(Fcwg)
e>1

for c € R\ {0}.

Remark 1.13.40. For any domain, wg is finitely generated, torsion-free, and rank 1. That is,
rankwp = dimg (wg @ K)
for K = Frac R.

Theorem 1.13.41. Let R be a domain. Let M be a noetherian, finitely generated, torsion-free, rank 1
R-module. Let ¢ # 0 so that (M, ) is a pair. The test ideal T(M, ) exists.

Proof. As M has rank 1, it is possible to find ¢ # 0 such that M. = M ®g R. = R., and for any fixed e,

1. F¢M. = FER,,

2. ¢cM C p(FfM), and

3. the map ¢, : FM. — M, generates Homp_(F¢M., M.) as an F¢R.-module.
Note: finding such a c in practice is fairly easy. To see how these can be satisfied, note that ¢ is “generically
surjective” (i.e., . is surjective for all ¢ € R\ V'(a) for some ideal a), and Homp(F¢M, M) also has rank 1.

For example, set K = Frac R. As M has rank 1, M ® g K = K. After clearing denominators, any
7 ® 1 has ¢r = 0 whenever w € M is torsion. That is, if ¢ € Ann 7, then

c 1 1
TRl=1TR-=cr®-=08-=0.
c c c
As M is finitely generated and noetherian, the torsion submodule of M is finitely generated, so

working over all generators of the torsion submodule, we can find a single ¢ such that ¢r = 0 for all
torsion 7. Thus, in M., m =0, so M. = R, and thus FfM, = FfR.. So property 1 is believable.
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Next, we make the following claim:

Claim. For any N C M that is p-compatible, N. = M, = R..

Proof. To establish the claim, it suffices to prove that My = Ny = R, for all ¢ € Spec R.. Pick
n € Ng\ {0} and ¢ > 0 such that F‘*n ¢ qF*M,. Otherwise, F** N, C qF°M, implies Ny = M,
and we are done.

Now, Ffen ¢ qF{*M, = Ff¢ (q[pze]Rq), This is because M, = R., which implies My & R, for all
q € Spec R..

Also, FfM, is a free R4-module, so Ff¢ (Mq q[pﬁc]) is a free Rll/q—module of the same rank.

Choose a7 = n and @z, ..., @, as a basis for F‘ M‘Vq[pfe]) as an R‘Vq—module. This produces a
map

v:@aiR — FleM,

which is surjective by Lemma [Nakayama’s Lemma]. By rank consideration, + is bijective.
(That is, a surjective map of free modules of the same rank is bijective.) Projection onto the first
coordinate defines a map ¢ : FfM, — M, such that 1/J(Ffean) = M,. By property 3, we can
write ¢ as p!(F‘d - —), and therefore

My = w(Ffe”Rq) C ¢(F56Nq) = @Z(Ffequ) c SOE(FfeNq) C Ng € M,

Therefore, My = Ny, as claimed. O

Let’s see how this claim proves the theorem. Since N. = M., ¢"M C N, as M is finitely generated. In
particular, for m € M,

for some n € N and n € W, so ¢"m = n € N. Working over a finite generating set, we can pick n. (In fact
n = 2 works!) Set ¢ > 0 so that p°* > n + 1. We have

M C ccM C ep'(FI*M) = o' (Fl*c” M) C ¢! (Fi*c" M) C ¢'(F!*N) C N,

by property 2, the fact that p¢® > n + 1, and the fact that N is p-compatible.
Finally,

> GHFEM) C N,
¢
but the left side is ¢-compatible. As N is arbitrary,

T(M, @) =Y ¢"(Flc*M),
t

as desired. O

Corollary 1.13.42. If R is Gorenstein, then 7(R) = 7(wg, ®) exists.
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1.13.1 Tight Closure

Remark 1.13.43. We have not shown that 7(R) exists in full generality. The existence of 7(R)
depends on tight closure.

Remark 1.13.44. Tight closure will be able to give us the following applications:

1. Remark [1.8.44} A consequence of the Briangn-Skoda Theorem is that for a local ring
(R, m, k) of dimension d with k infinite and R F-rational, if .J is an ideal such that m" = Jm"~!

(we say J is a reduction of m), then m? C J. Recall that we used this to show Theorem
1.8.41| [Huneke-Watanabe], which said

R I diA (R/m") < (V- 1
e(R) = Jim — 5 —<d—1>’
where v is the embedding dimension of R.
2. Theorem [1.4.50| [Ein-Lazarsfeld-Smith, Hochster-Huneke, Ma-Schwede]: If R is a
regular ring, a C R is an ideal with bight a = A, then a(®™) C a” for all n.

3. Let R be a domain of finite type over k. Let a = (f1, ..., fn) be a complete intersection in R;
i.e., ht a = h. There exists an ideal J such that JH:(R) = 0 for all i < h. J is the Jacobian.

Explicitly, if R = k1, "'de]/(gl AL then

J=JacR =1, [8%] ,
8JC]'

that is, the r x 7 minors of the matrix of partial derivatives, where r = d — dim R.

4. Tight closure will give meaning to 07,4 (R)"

5. Tight closure will give new proofs of

F-regular == F'-rational

| !

F-split === F-injective
6. Tight closure will relate to questions about splinters.

Definition 1.13.45 (integral element). For a ring extension R C S, an element ¢ € S is integral
over R provided that ¢ is the root of a monic polymonial f € R[x].

Definition 1.13.46 (integral extension). An extension R C S is integral if every element in S is
integral over R.

Example 1.13.47. Let K C L be a field extension. The algebraic elements of L over K are
integral over K.

Example 1.13.48. The extension Z C Z[v/d] where d is a positive integer is an integral extension,
since v/d is the root of 2% — d € Z[z].

Example 1.13.49. The element 1+T\/g € Q[v/5] is integral over Z[v/5] using T2 — T — 1.

Example 1.13.50. Let R = k[y] and S = k[y’ﬂ/(tQ —y) The element ¢ € S is integral over R
via 2% — y. Using toric rings, this extension is equivalent to k[t?] C k[t].

Example 1.13.51. Let R = k[z] and S = klz, y]/(xz ) The element y € S is integral over R
via X3 + 2. This extension is equivalent to k[t3] C k[t?,3].

Remark 1.13.52. Recall Example [1.4.12] Let G be a group. An action of G on the ring we
denote R = k[z1,...,zy] is an embedding G — Auty(R), where Auty(R) is the set of k-linear
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automorphisms of R. This defines a subring R = {f € R | gf = f forall g € G} C R. If |G| <
and gcd(|G|, char k) = 1, then the Reynolds operator p: R — R sending

1
p(f) = @l > gf

geG
is a splitting of R® < R;ie., R=2 R @ L.

Lemma 1.13.53. Let R be a direct summand of S.

1. For any ideala C R, aSN R = a.
2. If S is noetherian, then so is R.

Proof.

1. The inclusion a C aSNR is clear. To see aSNR C a, choose x € aSNR and write z = Y a;s;.
Now note that p(x) = > a;p(s;) by linearity, where p : S — R is the splitting map. Send the
image back along the inverse of the splitting to see z € a.

2. Obvious.

O

Theorem 1.13.54 (Hochster). Let R C S be a module finite extension with R a reduced excellent
ring. R is a direct summand of S if and only if aSN R = a for all a C R.

Remark 1.13.55. There is a connection with R to Hilbert’s fourteenth problem. If we have
RE < R = k1, ...,x,] and RY is noetherian, when the action is degree preserving, then R® is a
finitely generated k-algebra.

Theorem 1.13.56. Let A C B C C be ring extensions. If A is noetherian, C' is a finitely
generated A-algebra, and C is a finitely generated B-module, then B, as an A-algebra, is also
finitely generated.

Theorem 1.13.57. Let R C S be a ring extension. The following are equivalent:
1. S is a finitely generated R-module, and
2. S is a finitely generated R-algebra and S is integral over R.

Corollary 1.13.58. Let R C S be an extension of rings. The set of elements of S which are
integral over R forms a subring of S.

Proof. Tt suffices to show that any sum or product of integral elements is integral. (Note that
strictly from the definition, the product is okay, but the sum would be hard.) Let s1,s2 € S be
integral over R. Note that s, is integral over R[s1], and consider the diagram

R[Sl, 82]

integral, module finite
R[s1]
integral, module finite

R

Therefore, R C R[s1, 2] is a module finite extension. By Theorem [1.13.57] R][s1, so] is integral
over R, as we wished to show. O

Theorem 1.13.59 (Noether). Let G be a finite group acting in a degree preserving manner on
R = k[z1,...,x,). The ring of invariants RY is a finitely generated k-algebra.
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Proof. We will apply Theorem to the extensions k C R® C R. To check its hypotheses,
see first that k is a field, hence noetherian. See second that R is a finitely generated k-algebra.
To see third that R is a finitely generated R“-module, we use Theorem First, R is a
finitely generated R-algebra. We just need to show that R — R is integral. It suffices to show
x; € R is integral over R for i € {1,...,n}. Note that z; is a root of the polynomial

H (T — gx;).
geG

The coefficients of this polynomial are in R“. The result follows. O

Definition 1.13.60 (total ring of fractions). Given any ring R, we can construct
K(R) = {% | a,b € R,b is not a zero divisor} ,
the total ring of fractions of R.
Remark 1.13.61. When R is a domain, K(R) = Frac R is a field.
Example 1.13.62. K(Z) = Q.
Example 1.13.63. K(k[z1,...,xn)) = k(1, ..., Tp)-
Definition 1.13.64 (normalization). The normalization of R is the ring
RN = {z € K(R) | z is integral over R}.
Definition 1.13.65 (normal). R is normal if R = RV.

Remark 1.13.66. One can show that (W—1R)Y =2 W~(RY) for any W a multiplicatively closed
set. In particular, if R is normal, then R, is normal for all p € Spec R.

Remark 1.13.67. Recall that a ring R is reduced if 0 is the only nilpotent element in R. That
is, if ™ = 0, then 2 = 0.

Example 1.13.68. If R = klzy, ..., wd]/a where a is a squarefree monomial ideal, then R is reduced.
Recall that an ideal like a = (2y, z2w) is squarefree, while a = (z%y, xzw) is not.

Lemma 1.13.69. If (R,m) is a local ring that is reduced and normal, then R is a domain.

Proof. Let {qi,...,q-} be the minimal primes of R. One can check that if R is reduced, then
(0)=¢1N---Ngq,. Hence,

R HR/%‘
i=1
a—(@,...,a).

One can check that

K(R) = ﬁK (R/qi) .

i=1

Note that ] R/qi is a finitely generated R-module, so its elements are integral over R by Theorem

1.13.57, Thus HR/qi C K(R). Since R is normal,

R= HR/CH'
i=1

Since R is local, 7 = 1. O
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Definition 1.13.70 (Serre’s condition (Ry)). We say that R has (Serre’s condition) (Ry) if
R, is a regular local ring for all p € Spec R of height at most k. (In other words, R is regular in
codimension k.)

Definition 1.13.71 (Serre’s condition (Sk)). We say that R has (Serre’s condition) (Sy) if
depth R, > min{k,dim R,}. (In other words, R is Cohen-Macaulay in codimension k.)

Remark 1.13.72. Serre’s conditions are useful because they are purely homological conditions. It
is therefore valuable to show that nonhomological conditions are equivalent to Serre’s conditions.

Example 1.13.73. R is regular if and only if R has (Ry) for all k.

Example 1.13.74. If X = Spec R is a surface, then R has (R;) if and only if X has only isolated
singularities.

Example 1.13.75. Let R = k[:I,‘7 Y,z w]/(xz Tw, Yz yUJ) The ring R has (Rl) but not (RQ) Since

(zz, xw, yz, yw) = (z,y) N (z,w), we are unioning two planes in A}, which is only nonsingular in
the origin.

Lemma 1.13.76. If R is a UFD, then R is a normal domain.

Proof. Let z € K(R) be integral over R. Write z = ¢ with ged(a,b) a unit in R. Since z is integral,
there exists n € N and ag, ...,a,_1 € R such that

(5 o (3 v

Since R is a domain, multiply by " to get
a” 4+ bap_1a" " 4 - 4 b"ap = 0.

Thus a" € (b). However, since ged(a, b) = u, ged(a™,b) = o/, and since b divides a™, ged(a™, b) = b.
Thus, b is a unit. Therefore z = § = ab™!' € R. O

Remark 1.13.77. Under mild conditions, an R-module M has (S2) if and only if M is reflexive;
ie.,

M = MVV = HOIHR(HOIHR(M, R),R)

Theorem 1.13.78. A ring R is normal if and only if R has (R1) and (S2).

Proof. We show only that if R is normal, then R is (R;). Let R be normal. To show R is (Ry), we
need to show that 1-dimensional normal local rings are regular, since dim Rq = ht q. It’s enough
to show that m is principal. Take x € m\ m?, assume for the sake of contradiction that there exists
yem\ (z). Letm™ = R:xpym={z€ K(R)|2m C R}

We claim that mm~! = R. Note that m C mm~!, because for all a € m, @ = a - 1. Note also
that mm~! C R. By maximality, we show that mm~! # m. By contradiction, if m = mm™!, then
ym C (). Since y & (), £ ¢ R. However, £ e m™!, so £m C m™~'m = m. By the determinental
trick, there exists a monic equation for £ with coefficients in R. Since R is normal, £ € R, a

x b

contradiction. O

Example 1.13.79. The ring R = k[x,y,Z,w]/<xZ 2w, Y2, Yw is not normal, since it does not
have (S2); pdim R = 3, so depth R = 1 by Theorem [1.5.20| [Auslander-Buchsbaum]. Yet
dim R = 2, so R does not have (S2).

Remark 1.13.80. Recall that R is unmixed if htp = 0 for all p € Ass(R). One can show that R
is unmixed if and only if R has (S7). Furthermore, one can show that R is reduced if and only if
R has (Ro) and (Sl)
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Remark 1.13.81. Returning to F-singularities, what is the connection between integral extensions
and closures, normality, and Frobenius splittings/singularities?

Remark 1.13.82. For a ring R, there is a natural map R < R" which extends to a short exact
sequence

N
0R—RY =R 1o
N
R is normal if and only if ©©" /5 = 0. Consider the ideal
RN N
¢ =Ann /r|={re R|rR" C R},

which we call the conductor ideal. It’s easy to see that ¢ is an ideal of both R and RY. In fact,
¢ is the largest simultaneous ideal of RN and R; for any ideal a € RN which is also an ideal of R
such that aRY C R, one has a C ¢.

Theorem 1.13.83. If R is an F-regular ring, then R is normal.

Proof. Let ¢ be the conductor. We claim that ¢ is @-compatible for p-compatible for all maps
N
¢ € Hom(F¢R, R). That is, 7(R) C ¢, but since R is F-regular, c C R =7(R) C ¢, so R /r=0.
Set K(R) to be the total ring of quotients. For any ¢ : FER — R, we may tensor by K(R) to get
¢ FCK(R) — K(R). Identify ¢ with ¢|,. For any « € ¢ and r € RY, we have
p(Fla)r = p(ForP x)
with 7?° € RN. Since z € ¢, r?"z € R, and thus
p(Fix)r = ¢(Ffrpex) € R.
Since 7 € RN was arbitrary, we see p(Ffx)r € R, so ¢(F¢x) € ¢. That is, ¢ is ¢-compatible. ]

Definition 1.13.84 (complement of minimal primes). Set, for any ring R, the set R°, which is
the complement of the minimal primes of R. That is,

R° =R\ U p.

p a minimal prime

Remark 1.13.85. If R is a domain, then R° = R\ {0}.

Remark 1.13.86. We could have defined F-regular for non-domains. For example, a ring R is
F-regular if for any ¢ € R°, the map R — F¢R given by 1 — F¢c splits for e > 0. Using the same
proof as Theorem above, one can show that if R is a reduced F-regular ring, then R is
normal, hence a domain by Lemma [1.13.69

Example 1.13.87. It’s easy to see examples of F-split rings that are not normal. The ring
R = k[x,y]/(xw is F-split using Corollary [1.4.24| [Fedder’s Criterion], but not regular/does
not have (R;), so by Theorem [1.13.78] R is not normal.

Definition 1.13.88 (seminormal). For an integral extension of reduced rings R C S, call R
seminormal in S provided for each pair of relatively prime integers ¢ and d, if b € S and
b¢,b% € R, then b € R. We call a reduced ring R seminormal if it is seminormal in R < RY.

Definition 1.13.89 (weakly normal). For an integral extension of reduced rings R C S each of
characteristic p > 0, call R weakly normal in S if for all b € S, b € R implies b € R. We call a
reduced ring R weakly normal if it is weakly normal in R < RY.
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Remark 1.13.90. In general, if R is normal, then it is weakly normal. If R is weakly normal,
then it is seminormal.

Example 1.13.91. The ring R = K[z, y]/(a: is weakly normal, hence seminormal.

Y)

Example 1.13.92. The ring R = klz, y]/(a: ) is not seminormal.

y(z —y
Example 1.13.93. The ring R = klz,y, Z]/(ny —22) is seminormal. R is weakly normal if p # 2.
Note that (2)* = y* € R, but Z ¢ R.

Theorem 1.13.94. If R is an F-split Ting, then R is weakly normal.

Proof. As R is F-split, let ¢ : F,R — R be the splitting. Let » € RY be such that r? € R. Apply
© to see that r = rp(F,1) = p(F.rP) € R. O

Definition 1.13.95 (integral closure). Given an ideal a C R, we define the integral closure of
a to be the ideal

a={r € R|r is integral over a}
= {r € R | there exists ¢ # 0 such that ¢z* € a for all k> 0}.

Remark 1.13.96. The integral closure a of an ideal a is a closure; that is, it satisfies the following:

1. EQH,
2. a=aua, and 3
3. ifaCb,thenaCb.

We know of other important closures in algebra. Given an ideal a, v/a is a closure. For a fixed
m € Spec R,

= U (a:m"™) ={r € R|m"r € a for some power n}
n

sat

is a closure. (Note that definitionally, HY, (R/a) =% )

Remark 1.13.97. Working in characteristic p > 0, we have Frobenius powers ¢ = p® with ald] C a9,
so we can define the following analog of integral closure. Note that ¢ will subsequently refer to a
power of p; i.e., ¢ = p®, unless otherwise mentioned.

Definition 1.13.98 (tight closure). Let R be any ring of characteristic p > 0. For any ideal
a C R, set

a* = {z € R | there exists ¢ € R° such that ¢z? € al? for all ¢ > 0}.
Call a* the tight closure of a. One can easily check that a* is an ideal.
Remark 1.13.99. The element ¢ can depend on a and z, but ¢ does not depend on q.

Remark 1.13.100. The motivation for tight closure comes from the following. Let R be a reduced
ring. Let z € a* for some ideal a. Write a = (fi, ..., fs), so that aldl = (£,9, ..., f,%). We may then

write
ot = Y
i
Viewing in R C Ri we have
=Y ath
i

Roughly, as ¢ — oo, ciz and gi% approach 1. (The precise justification for this uses valuations.)
Thus, z is “almost” in a.
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Lemma 1.13.101. The operation a — a* s a closure operator; i.e.,
1. aCa*
2. a** =a*, and
3. if a C b, then a* C b*.

Proof.

1. It’s easy to verify all CacCa* Ca.

2. Assume R is noetherian, so that ideals are finitely generated. First, if a* = (fy, ..., fs), then
pick ¢; such that ¢; f;7 € al? for ¢ > 0 and all i. Set ¢ = ¢; - - - ¢5. Notice that ¢f;? € ald for
all ¢ > 0 and all i. That is, c(a*)ld C ald,

Now, if z € a**, pick ¢ such that ¢’z9 € (a*)l9 for ¢ > 0. Multiply by ¢ to see that
e 29 € ¢(a*)l9 C ald for ¢ >> 0. Therefore, z € a*, as desired.
3. It’s easy to verify if a C b, then a* C b*.

O

Example 1.13.102. Let R = k[z?, 23] C k[z]. Note that 2° ¢ (22) in R. We claim that 23 € (22)*.
Indeed, see that

231 = 29(229) € (xQ)[‘I]
for ¢ > 0. That is, here ¢ = 1.

Example 1.13.103. Let R = kla,y, Z]/((ES T+ — 23) for p # 3. We claim that (z,y)* = (x,y, 22).
We will just show that 22 € (z,y)*. Write p = r mod 3. We have

2q9—r
(ZQ)q _ Z2q — 22q—rzr _ (23)2‘{%21“ _ ([L‘3 + y3)2q;TZT — T Z < 3 >!E3iy3(2qg_ri).
2

One can check that each ™y™ has m > g or n > g, unless r = 1 and m = n = ¢ — 1. That is,
(22)4 & (29,y9). However, if we set ¢ = z (or y), then ¢(22)? € (z%,y%); i.e., 22 € (z,9)*.

Definition 1.13.104 (weakly F-regular). Call aring R weakly F-regular if a* = a for alla C R.

Remark 1.13.105. It is not known that if R is a weakly F-regular ring, then for all multiplicatively
closed sets W C R, W™!R is weakly F-regular.

Definition 1.13.106 (F-regular). A ring R for which W1 R is weakly F-regular for all multi-
plicatively closed subsets W C R is called F-regular.

Remark 1.13.107. Recall that all prior mentions of F-regular rings were referring to strongly
F-regular rings. Recall Definition [stongly F-regular|. For each ¢ € R°, there exists
e > 0 such that there is a ¢ € Homp(FFR, R) with ¢(Ffc) = 1. Recall also that Theorem
characterizes strongly F-regular rings as those for which 7(R) = R.

Remark 1.13.108. In general, if R is a strongly F-regular ring, then R is F-regular. If R is an
F-regular ring, then R is weakly F-regular. There is a conjecture [weak = strong] that if R is a
weakly F-regular ring, then R is strongly F-regular. It is still open, but it is known to be true
for N-graded rings, Gorenstein rings, rings of invariants of “nice” groups, determinental rings, and
others.

Lemma 1.13.109. If R is strongly F-reqular, then R is F-reqular.
Proof. Note that both conditions are local, so it suffices to assume that R is a local domain. Fix

a C R. Suppose that z € a*; i.e., there exists ¢ # 0 such that cz? € aldl. Write a = (f1,..., f);
then we have all = (f,9, ..., £,9). Pick ¢ > 0 with ¢ : R4 — R that sends c7 to 1. Thus

cz =Y gifi%,

72



SO
1 1
=Ygt
Applying ¢, we see that
1 1 1
ZZ@(CQZ) =@<Zgiqfi) =Z@<giq> fi € a.
O

Remark 1.13.110. Recalling Example we know that regular rings are strongly F-regular.
We thus have the implications regular implies strongly F-regular implies weakly F-regular. (Hence,
weakly F-regular is a singularity type.) However, historically, the notion of weakly F-regular came
first, so let’s see a classic proof of the following:

Theorem 1.13.111 (Hochster-Huneke). A regular ring is weakly F-regular.

Proof. Let R be regular. By Theorem [1.1.24| [Kunz], the Frobenius is flat, so for any z, any a,
and ¢ > 0,

(a[q] :zq) —(a: ).
(Indeed, to check this, take the short exact sequence
0_>R/(a:z)i>R/a_>R/(a+zR)_>0
and tensor by F¢R.)

If z € a*, then cz? € al¥, so ¢ € (al9 : Z9) = (a: 2)l9, and ¢ # 0. This forces

cée m(a:z)"

neN

by the cofinality of ordinary powers and Frobenius powers. Since ¢ # 0, this means (a : z) = R;
ie., z €a. O

Theorem 1.13.112 (Hochster-Huneke). If R is any ring and a = (f1,..., fn) € R is an ideal,
then a™ C a*.

Proof. Suppose z € a”; i.e., there exists ¢ # 0 such that ¢z™ € (a™)™. Apply this with m = p® = ¢
to see that cz? € a™? C a[‘I], so z € a*. O
Corollary 1.13.113 (Briangn-Skoda). If R is weakly F-regular and a = (f1, ..., fn), then a™ C a.

Remark 1.13.114. Using reduction mod p, one can use this to prove the same conclusion when
R is a regular ring and C C R.

Remark 1.13.115. Recall Theorem [1.4.50| [Ein-Lazarsfeld-Smith, Hochster-Huneke, Ma-
Schwede]: If R is a regular ring and a is a radical ideal with bight a = h, then for all n, alhn) C g7,

Proof of Theorem [Ein-Lazarsfeld-Smith, Hochster-Huneke, Ma-Schwede]. Let
(hn)
zea

and write ¢ = an + r with 0 < r < n — 1 for some a via the division algorithm. Therefore,
2% € athan) | Also,

ahnza C ahnza C a(han+hr) — a(h(an+r)) _ a(hq) C a[q]7

where a"® C al4 by Theorem [1.4.53 [Hochster-Huneke]. Now, take nt" ordinary powers to
see that

ahnzzan c (a[q])n _ (an)[q] )

As ¢ > an, any ¢ € a" satisfies cz? € (a")19. Therefore, z € (a")* = a”, as desired. O
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Remark 1.13.116. Our next goal is to use tight closure to study 7(R). Note that to establish
z € a*, we need to find a ¢ such that ¢z9 € al9, but note that ¢ could depend on a. We might hope
for a universal ¢ that works for all a. That is, a ¢ such that

ce ﬂ (a:a®).

aCR

There is a priori no reason to except such a c to exist. However, in Theorem [1.13.41] we showed
that for any domain R, there are elements ¢ € R\ {0} such that R, is regular and ¢ € 7(R, ¢) for
fixed ¢ € Homp(F¢R, R). From this, one can show a critical observation:

For any d # 0, there exists a map ¢ so that p(Fgfd) = c.

Accepting this, we can see that

since for any z € a*, dz9 € al?] for ¢ > 0 (note d depends on a), and we can then pick ¢ = p©
and ¢ : FER — R such that ¢(F¢d) = c¢. Notice then that

2l = (Ffdzqql) € (Ffa[qq/]) Caldl]
where ¢ does not depend on a!

Remark 1.13.117. We will use this to expand our setting to tight closure of modules. To do so,
we need a module replacement for al?. Consider the map
ve: M= Mog R 29 M op FOR.

Definition 1.13.118 (Frobenius power of a module). Denote for z € M, 29 = ~.(z) for ¢ = p°.
For N C M, denote N4 for . (N).

2 Warning! 1.13.119. Observe that N9 C M @5 F¢R; that is, N9 depends on how N C M.

Definition 1.13.120 (tight closure of a module). For a fixed inclusion N C M, set
Ny = {z € M | there exists ¢ € R° such that cz? € N[q}} .

Lemma 1.13.121. For N C M, z € Ny, if and only if Z € O*M/ .
N

Proof. Note that z € N}, if and only if there exists ¢ # 0 such that z®c € iIn(NQFfR — MQF¢R).
Use the short exact sequence

0—=+N-—=>M— M/N —0
and the fact that — @z FR is right exact. That is,
N@rFR— Mo FCR - M/ vy @p FER - 0
is exact. O

Remark 1.13.122. Recall while discussing F-rational singularities, in Definition [1.8.21] we
defined the notation 074 (R)’ which was no accident! Our previous definition will agree with tight
closure.

Definition 1.13.123 ((finitistic) test element). For ¢ € R°, call ¢ a (finitistic) test element if
for any inclusion N C M of finitely generated modules, z € N3, if and only if cz? € N 4] for ¢ > 0.
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Definition 1.13.124 (big test element). For ¢ € R°, call ¢ a big test element if for any inclusion
N C M of modules, z € Ny, if and only if cz? € Nl for ¢ > 0.

Definition 1.13.125 (finitistic test ideal). Define 744(R) to be the ideal generated by all finitistic
test elements. That is,

Trg(RR) = m (N Ny)
NCM
finitely generated

Definition 1.13.126 (big test ideal). Define 7,(R) to be the ideal generated by all big test
elements. That is,

Tr(R)= () (N:N3)
NCM
Remark 1.13.127. It’s obvious that 7,(R) C 774(R). Also, 7¢4(R) = R if and only if R is weakly
F-regular. Therefore, note that

strongly F-regular <——= 7(R) = R

l

weakly F-regular <—= 7¢4(R) = R
It is conjectured that 744(R) = 7,(R). This is called the big = small conjecture, and is equivalent
to the weak = strong conjecture.
Theorem 1.13.128. Big test elements exist.
Proof. Note that z € Ny, if and only if there exists ¢ € R° such that cz? € N 4], but ¢ could

depend on N. First, choose ¢ such that R, is regular. For d € R°, pick ¢ € HomR(Ff/R, R) such
that ¢(Ff d) = ¢ (by Remark [1.13.116)). Set N C M and z € Nj; ie., for e > 0, there is

e+e/

d € R° such that dzP*"° € NP

e+te ]

View ¢ as a map F¢T¢ R — F¢R. Consider the diagram

NP e N

I I

M®r FSR —— M @ FER.

Apply ¢ to dz""" to see that
P = (Ff/d) =0 (dz:”ﬁe ) e NP1,
Thus, c is a big test element. O

Remark 1.13.129. Our goal is to show that 7(R) exists. We will do so by showing it is equivalent
to 7, (R) via an intermediate test ideal, using Matlis dualilty. Henceforth for simplification, assume
that (R, m, k) is an excellent complete local domain.

Definition 1.13.130 (test ideal 3). Let (R, m, k) be an excellent complete local domain. Set
T(R) = Ann 0%, where E = Er(k).

Theorem 1.13.131 (Lyubeznik-Smith-Takagi). 7(R) = 7(R).
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Proof. The inclusion 7,(R) C 7(R) is clear, since
7(R) C (0:0%) = Ann 0% = 7(R).
Let ¢ € Ann 0%, = 7(R); for each d € 7,(R), if z € 0}, i.e., dz? = 0, then cz = 0, so ¢(dz?) = 0.

That is, ¢ € ker(dF°—) for all e > 0, where F¢ : E — FfFE is the natural Frobenius operator.
That is,

c € (ker (dF°—).

As ker(dF¢—) is a descending family of submodules in E' and F is artinian, it stabilizes. One can
pick a single map ¢ : E — F¢FE for which

c€kerdyp = ﬂker(dFe—).

Now di) : E — FSE has a Matlis dual ¢ : FFR — R with ¢(F¢d) = c¢. That is, we can replicate
the proof of Theorem [1.13.128|to get ¢ € 7,(R). O

Remark 1.13.132. It only remains to connect 7(R) to 7(R). Observe that for each f € a, given
the natural map

R— F°rR Y pep,

one has, after taking Hompg(—, R),

Hompg(—,-F{ f) HOmR (F*ER, R) & HOmR(R, R) ~ R R/a

HomR (FfR, R)
The ideal a is compatible if and only if the above map is the zero map.
Lemma 1.13.133 (Schwede). An ideal a is compatible if and only if

Hompg (F°R, R) 22D o (FER, R) <% Homp(R,R) = R — 1,
is zero, and by Matlis duality, a is compatible if and only if

ER HomR(_V'Fff)\/

¥ — Er = Er® F:R
a

Er® F:R

18 zero.

Remark 1.13.134. There is also a fact due to Matlis duality: there is a bijective correspondence
{submodules N C E} = {ideals J C R}

given by N — Ann N and J — ER/J-

Theorem 1.13.135. 7,(R) = 7(R). Test ideals exist!

Proof. To see 1,(R) is compatible, it’s enough to check that

Er — Fpr > Er®r FER — Er®g F R
77y (R)

is zero. Notice that

0 = ER/AnnofE - ER/?(R) ER/rb(R)'

If a is any compatible ideal, then

ER

= Er > Fr®r FfR— Egr®gr FER

is zero, but ER/a C 0%; ie.,
a= AnnE’R/Cl DO Ann 0z =7(R) = 1(R),

as we needed to show. O
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1.13.2 Frobenius Closure

Remark 1.13.136. We can characterize (weakly) F-regular rings in terms of a closure; R is
weakly F-regular if and only if a = a* for all ideals a C R. We would like to characterize other
singularities in terms of closures.

Definition 1.13.137 (Frobenius closure). For an ideal a C R, the Frobenius closure of a is
an{z€R|zqea[Q] forallq>>0}.

Remark 1.13.138. It’s obvious that a C a C a*. Hence, in a (weakly) F-regular ring, a = af
for all a C R.

Example 1.13.139. There are ideals for which a # af. Let R = k[u,v,y,z]/(uv uz, z(v — y?)):

One can check that y32* ¢ (y%(u? — 2%)), but (y32*)? € (y?>(u® — 2*))Pl. Thus (y*(u? — 2%)) is not
Frobenius closed. Remark also that R is not F-split.

Lemma 1.13.140. The operation a — af is a closure.

Proof. We only show that if a C R is an ideal, then afF = af. If z € a”F, then 27" € (a?)P"],
Write af’ = (21, ..., ,,); thus

2P = E a;x’ .
Ft/ ’ )
Each z; is in a”, so x;?" € alP’l. Pick ¢’ such that z,7° € alP”] for all i. Thus,
ete’ e’ ete’ ete’
2P _ § :aip zP calr ]7
F
and so z € a”. O

Remark 1.13.141. Our goal is to show that R is F-split if and only if a = af’ for all a C R. We
do so in the following steps.

Lemma 1.13.142. If R is F-split, then a = af” for all a.
Proof. If R — F¢fR 2 Risa splitting and z € a¥ for some a C R, then 27" € al”!, so we have
FezP" € FealP]l. Therefore
2= (Ffzpe) € (Ffa[ﬂ) — ¢ (aF°R) = ap (FR) = a.
O

Remark 1.13.143. Notice that if we set S = F¢R and view R — S as a module finite (since
rings are F-finite) extension, then for e >> 0, we have

aSNR=aF‘RNR=FaPlnR= {z ER|F¥ ¢ Ffa[pe]} - {z ER| € aW} _—
We can ask if the property a = aS N R is equivalent to R < S being split. (One can easily show
that R < S split implies a = aS N R by repeating the above proof.)

Theorem 1.13.144 (Hochster). For a module finite inclusion R — S of excellent local rings,
aSNR =a for all a C R implies R — S splits.

Corollary 1.13.145. A reduced excellent local ring is F-split if and only if a = af for all a C R.
As a C al” Ca*, it’s also clear that F-reqular implies F-split via the characterizations in terms of
closure discussed.
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Remark 1.13.146. Recall Theorem [1.7.18| [Singh]; if R = k[A’B’C’D’T]/I where [ is the
2 x 2 minors of

A24+T™ B D
C A?2 B"-D|"

We saw that if p > 2, R is not F-regular for m — 2 > 2 and not F-split for ged(m,p) = 1. To
verify these claims, one checks explicitly that B"T™~1 ¢ (A, D), but B"T™"! € (A, D)*. The
trick is to set ¢ = p® = 2ml + 6 for £,6 € Z with £(m — 7 —2) > 1 and —m +2 < § < 1. Thus,
qg+m—12>2mf+1 and g < 2mf + 1. One can then check carefully that

(BnTm71)2m€+1 c (AQm/zH7 D2ml+1) _

Remark 1.13.147. We can also interpret F-rational, F-injective, and F-nilpotent singularities in
terms of tight/Frobenius closure of local cohomology. Let (R, m) be a Cohen-Macaulay local ring
of dimension d. We know via Corollary [1.8.11] that R is F-rational if and only if 0%, (R) = 0

(and note that HL(R) # 0).

Definition 1.13.148 (Frobenius closure of a module). In a similar way to tight closure (Definition
1.13.120| [tight closure of a module]), we can extend Frobenius closure to modules, defining

Ofzg (r) = {2 € Hy(R) | 27 = 0 for ¢ > 0} .

m

Remark 1.13.149. Notice that Ogd (R) - O’I‘le,(R). Also, recall that for a non-Cohen-Macaulay

local ring (R,m), R is F-nilpotent if the Frobenius action on H! (R) is nilpotent for all i < d
and the Frobenius action on 0%, (R) is nilpotent. Immediately, we may recharacterize the second

condition as Oflﬁ.(R) = 0% (R)" It is therefore clear from this approach that Theorem [1.8.15

m

[Srinivas-Takagi| holds; F-nilpotent and F-injective implies F-rational.

Remark 1.13.150. Computing a” can be hard, but when a is finitely generated, there exists
e > 0 such that alPl = (af)P"],

Definition 1.13.151 (Frobenius test exponent). Call fte(a) the Frobenius test exponent. It
is the number such that

a[pfte(n)] _ (aF) [pftem}

Remark 1.13.152. Recall that in HZ(R),
.. Cker F¢ Cker Ftt C ...

stabilizes (which is surprising, since HZ(R) is artinian, not noetherian). The number ¢’ for which
ker F¢ = ker F¢ % for all k is HSL(HZ(R)) (recall Remark [1.8.47).

Theorem 1.13.153 (Katzman-Sharp). Let (R, m) be a Cohen-Macaulay ring. If ¢ C R is an ideal
generated by part of a system of parameters for R, then fte(q) < HSL(HZ(R)).

Remark 1.13.154. By Theorem [1.8.48| [Hartshorne-Speiser-Lyubeznik], since HZ(R) is
artinian, HSL(HZ(R)) < oo, and so in the context above, fte(q) < oo. Let

fte(R) = sup fte(q).
q generated by parts
of systems of parameters

It is an open question if fte(R) < oo.

Example 1.13.155. Recall Definition m [system of parameters]; given a local ring (R, m)
of dimension d, a sequence x1, ...z4 € R is a system of parameters if \/(x1, ..., z4) = m. For instance,

if R = Flz,y:u, U]]/(xu — ) then x,v,y — u is a system of parameters.
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Theorem 1.13.156 (Colon Capturing). Let (R,m) be a domain. If z1,...,xzq is a system of
parameters, then

((1’1,...,$i) : iEiJrl) g (.’El,...,ifi)*

forallie{l,..,d—1}.
Corollary 1.13.157. Let (R, m) be a domain. If R has a system of parameters x1, ..., xq for which

(1, .., 2q)* = (x1,...,xq), then R is Cohen-Macaulay.

Proof. Recall that R is Cohen-Macaulay if and only if z1, ..., z4 is a regular sequence (Definition
1.5.31| [Cohen-Macaulay 2]). Furthermore, 1, ..., 24 is a regular sequence if and only if

((1’1, ...7l’i_1) : l'z) Q (1171, ,zz) .

By hypothesis, (z1, ..., z;) = (21, ...,2;)*, and the result follows by applying Theorem [1.13.156
[Colon Capturing]. O

Definition 1.13.158 (parameter ideal). We say that an ideal ¢ C R is a parameter ideal if
q=(x1,...,xq) for some system of parameters x1,...,zq € R.

Remark 1.13.159. One can quickly guess that a ring R is F-rational if and only if all parameter
ideals q are tightly closed. Indeed, this is the case. Recall that a local ring (R, m) is F-rational if
and only if R is Cohen-Macaulay and 0%, (R) = 0, by Theorem [1.8.10| [Smith]. Let’s prove that

theorem, using tools developed since mentioning it.

Proof of Theorem [Smith]. We must show that 07}, (ry is the largest proper F-stable
submodule of HZ(R). It’s clear that F(0%, (R)) C O%a (g since if z € 04 (g, then czP* =0, so
P(2P)P° =0, s0 2P = F(z) € 0%, (R

If N is proper and stable, then Matlis dualize to see the map
Hom, (Hi(R)/N, E> — Homp, (HY(R), E) = wr.
As wpr has rank 1, we can find ¢ # 0 such that
cwr € Homp <Hi(R)/N,E> C wg.

Matlis dualize again to find that

C

T

Hi(R) —— H,‘,i(R)/N —— cHE(R)

Thus, ¢cN = 0. Now, if z € N, then cF°(z) € ¢cF'°(N) C ¢N, as N is F-stable, so cF°(z) = 0. Thus
z € 0% and therefore N C 0%74 (R)" O

HE(R)
Remark 1.13.160. Recall from Remark [1.5.5 that
d ~1; d R ~ i R
Hi (R) = h?mExt ( /mt,R) = h$ /(xltwu,xdt)

for any system of parameters z, ..., z4. A class n € H%(R) can be represented under this isomor-
phism as 7 = [z + (21, ..., 24)], 50 F(n) = [P + (217", ..., x4"")].

79



Lemma 1.13.161 (Smith). Let (R,m) be a Cohen-Macaulay local domain. Let xq,...,24 be a
system of parameters for R. An element z is in (21, ...,24)* if and only if n = [z + (21, ..., 2q)] is
mn OE&(R)'
Proof. If z € (w1, ...,zq)*, then czP” € (217", ...,24""), and therefore cF*(n) = 0.

On the other hand, if cF¢(n) = 0, then [c2?" + (217", ...,24"")] = 0. As R is Cohen-Macaulay,
czP" € (217", ..., x4""), and therefore z € (21, ..., 24)". O

Theorem 1.13.162 (Smith). A local domain (R, m) is F-rational if and only if ¢ = q* for all
parameter ideals q C R.

Proof. Let x1,...,x4 be a system of parameters, and let q = (x4, ...,24) be a parameter ideal. If
(R,m) is F-rational, then for any z € q*, we have n = [z + q] € 03,4 (my =0,s0z€q.

Conversely, if ¢ = q*, then R is Cohen-Macaulay. For any system of parameters x1, ..., x4, an
element n = [z + (1, ..., 24)] € 0374 (ry Must satisfy cFe(n) =0, since q = q*. If cF°(n) = 0, then
n =0, and therefore 0%, (R) = 0, as desired. O]
Remark 1.13.163. First, note that it immediately follows from Theorem [1.13.162| [Smith)]
another way to see that F-regular rings are F-rational.

Note second that the characterization of F-rational rings as those for which q =q* forallq C R a
parameter ideal is historically the original characterization. Theorem [Smith] showed
the equivalence of this original definition and the definition that we presented in Definition |1.8.1
[F-rational].

Third, one might then hope that one can characterize F-injective rings as those for which q = g%
for all parameter ideals q. Unfortunately, this is not the case.

Theorem 1.13.164 (Quy-Shimomoto). If q = qF for all parameter ideals ¢ C R, then R is
F-injective. The converse fails, however.

Example 1.13.165. To see that the converse fails, let R = klu, vy, 2, tﬂ/(t) N

R is of dimension 4 and F-injective, but R is not F-split, since
F
JEte (5 - =)\ (0 (2 - =)
The converse does hold if the length of H (R) is finite for i < dim R.

Theorem 1.13.166 (Polstra-Quy). An equidimensional ring (R, m) is F-nilpotent if and only if
gt = q* for all parameter ideals q C R.

uv,uz, z(v — y?))

Remark 1.13.167. Finally, let’s return to the ongoing diagram one last time (last seen in Remark

1.10.58]). We have:

— a* tein, Th [10.57 a=q
a a +Gorenstein, corem for all parameter ideals

Definition TTET0% /:\ %rem
[weakly F-regular]

Losl . Smith
F-regular Theorem F-rational !

Theorem [[.8.4] + F-nilpotent,
4 quasi-Gorenstein, Lemma [TIEd Theorem -_I.S.Irlnlvas-Takagl]

q¥=q* for all parameter ideals,
Theorem [1.13.166| [Polstra-Quy]

Remark [[.9.7]

Lemma [1.7.1

a=af ——= F-split

Corollar;
S
DIS:II% Proof of Theorem [Ma] /

~
anti-nilpotent

F-injective

Theorem [1.13.164] [Quy-Shimomoto]

F

for all parameter ideals
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